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rati onal e -rbeelhatnidv itshtei chon otnr eat ment

V Nucleons inside a nucleus are not really relativistic.

Note: Throughout the lectures we will restrict ourselvesda-relativistic treatments

Only from the saturation density, you can already jrdsifollows:

V Nuclear saturation density:

no = 0.16 [fm*?’] [71()/2 = (.08 [fm_g] for norp}

U Fermi wave number: U Fermi momentum: U Fermi energy:
MeV h? k2
ke = (372n0/2)"/? 2 1.33 [fm™ '] pr ~ 262 [ - ] ep = — ~ 36.5 [MeV]
c 2m
Lorentz factor: Quite small!

U Fermi velocity: ]
. / —1
vp _ hcky - 197 [MeV fm] x 1.33 [fm™ ] ~ 0.98 » N = ~ 1.04
¢ me? 940 [MeV] V1—(v/c)?

*Note that there are relativistic approaches, such as relativistic-hiedd(RMF) theory or covariant DFT,
which are rooted with the mes@xchange picture, explains the origin of spnbit and timeodd interactions, ...

he a2 197.3269631 [MeV fm] My > 1My me® > ep
mnc? = 939.56542052 [MeV] Tn A 877.74 [s] (about 15 min)
mPCZ = 03827208816 [Me\/} Tp > 1034 [y} (cf. SuperKamiokandesxperiment)
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If you agree with the use of naerlativistic treatments

Our ultimate goal would b solve the manybody Schrédinger-equation:

s

HIIJ(Tlo'lql,...,TAJAqA) = EW(T1J1Q1,---,T‘AJAQA)

That s 1t

H o we v epragcticallytin@psssible.. Why?

E. Schrodinger (1881961)

Portrait: https://en.wikipedia.org/wiki/Erwin_Schr%C3%B6dinge



https://en.wikipedia.org/wiki/Erwin_Schr%C3%B6dinger

Difficulties in solving the manlgody Schrddinger equation

We waw aRotve thisobutso'k iv jgeacttedhWwis el t cC a

IA{lIJ(T'lalql,...,TAO'AQA) — EW(TIJIQI:---;TAO-AQA)

The problem is two-fold:
1. | t 6s computationally t oo g 2!

6_ 10©for A=10 D\./G

. ) 2 A
C The number of degrees of freedontpf |X(’Z§Z><.yz>< n% » 8 10197 for A=100

C TostoreQ on a HDD, 16 0(V.g. x Be2g'dgs 2. 10°TB for 10, A=10
double precisiony NN, .2 n,p 3. 10°36TB for 103, A=100

complex (byte)

Inotherwordsii c ont ai n samaum of miormaticn! o (may betoo much)

2 . We donot really know act ual

C Lattice QCD calculations are under way, but still have not provided the actual forc

COne may parametrize the Abareo NN in
(1t i gealstighutleardorcedo |t shows a repul siv
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What is DFT?

A theory which gives us access to thexactsolution

Equivalent!
(for a special EDF) H‘I’(Tla ., N) = EY(ry, ..., 7N)

o> ———

Quantum Many-

- Kohn-Shamequation

[——v2+v Lot oty = 61
P @Thls IS thek keyI

<s[o(r)] (i—]' = Z i

(Bl = (o] f1]9]p))

***** N

w.f. is a functional of density

P. Hohenberg and W. Kohn, Phys. Rel 35, 864 (1964)
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Great Success of the Density Functional Theory

Number of publications
12000
. : )
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Year
A. Galanoand J.R. Alvarezdadoy J. Compt. Chen85, 2019 (2014)

Si crystal

N

= - ©
| = - T
000+000 25a-002 5§0e-002 750-002 10a-00

C-Z. Gao et al., : Y. Shinohara, K. Yabana, Xawashita J-|. lwata, T.Otobe and G. F. Bertsch,
J. Phys. B: At. Mol. Opt. Phy48, 105102 (2015) Phys. Rev. BB2, 155110 (2010)

P. Hohenberg and W. Kohn, Phys. RE36, B864 (1964) % 38,725 citations!

The seminal papers on D o
W. Kohn and L.J. Sham, Phys. R&40, A1133 (1965)% 46,208 citations!



CAUTION!

The existence was proven, but its shape is unknown..

— - — ‘ \
| Quantum Many-Body Problem

1 /Y '/3‘(_ |
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CAUTION!

The existence was proven, but its shape is unknown..

n | nver4§ehah<n©hn

ﬂ ‘—WY } Qu;hatlr;lﬁfl'\iany-Body Problem
N 1 |

Developing better functionals Is
an important subject in nuclear theory!

+ ,
| i
» y 3 -




May the DFT be with you..

The Jageof DFT

/

S NN

‘f \%;\ \.".\:‘ A
%1 52N \\\ 5
v 4

NP/

-

\F
\!f\

f‘ef"
igisranexactap OIC ach

p+Y

InYprinciple,

(ifgve find the universal EDI

Anakin Skywalkerhttps://starwars.fandom.com/wiki/Anakin_Skywalker



https://starwars.fandom.com/wiki/Anakin_Skywalker

May the DFT be with you..

The Jagiso

InJprinciple,
It1S an exaC’rapr ach

ifgwe find the universal EDI

Anakin Skywalkerhttps://starwars.fandom.com/wiki/Anakin_SkywalkBarth Vaderhttps://www.eiganohimitsu.com/1810.htn



https://www.eiganohimitsu.com/1810.html
https://starwars.fandom.com/wiki/Anakin_Skywalker

In electronic systems:

A

H = Kinetic + Coulomb+ Coulomb

btw electrons from ions

The interaction igxactly knowrn)

In nuclear systems:

oOoSomet hing

NN interaction

H — Kinetic_l_ COUIOmb—I— 3-body interaction

LS, tensor, ...
btw protons repulsive core ...




Hartree-Fock theory with an effective interaction

U In practice, &Zerorangeeffective NN interactionhas been applied

Skyme (zero-range, contacttype, densitydependent) effective interaction ~

fTi+T;

\ 5 A 1 .
v;; = U(rio;, ?‘jUj} = 1p (1 + .I’ng)ﬁ(?‘g — ?‘j) + Ef—[gp' ( )(1 + I’:;po-)ﬁ('l‘g — ?‘j}

2

)
A

1 . -
+ Ef] (1 + I[PU) {5{?‘;‘ — 'J‘jjlk? + f"."‘zé{?‘f — ?‘j)}

+to(l1 + ;I?Qﬁg k. d(r; — ?j?;/ +iWy(o; +0;) - i‘.; X o(r; —r; ll
J J d

Spin exchange operator: Relativewavevector operator:
A 1 ~ V; -V,
PU:—(l-I—O'i-O'j) kZQ—J

1

2
(k' isa C.C. ok acting to the left)

to.a %05 U @andW, are parameters, which are
adjusted to reproduce known nuclear properti¢s.

W,

Then, the resulting HF energy becomadsinctional of variouslocal densities
Esur = <(I)’H8kyrme |(I)> — E[p: 7, Vp, v2p: J .. }

*It looks as if there are only local (direct) terms, but it contains the exchange terms.
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SkyrmeHartree-Fock vs. DFT

Regarding Egyme as an EDF, Skyrme-HF eq. may be regarded as KS eq. in DFT

Unrestricted Variation
SE
HW*

Unrestricted variation
Schrodinger eq:
H|W) = E|V)

so, of course, HH DFT

Variation

Variation for a Slater determinant
for a Slater det

Hartree-Fock eq: *Integro-differential eq.
h2 o2 . , Nt — - oF 0
3V L) ) u(r) + [ Tl )os(r)ar’ = i) i
— . _ (vla]w)
Slater determinant: Orthonormal condition: (u|w)
1
q) c e = d t i ; Z i) = 51 ~ 2
(r1.e ) = —det{di(ry)} (¢i]d) = 6y H=—Z;—mv?+2v(wﬂ
i i<j
Hartree potential (direct term): Fockpotential (exchange term):

Tu(r) = /U(r, r')p(r")dr’ Cr(r,v") =v(r,r") Z bi(r) ot (r)

Thu., Dec. 8, 2022
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SkyrmeHartree-Fock vs. DFT

Regarding Egyme as an EDF, Skyrme-HF eq. may be regarded as KS eq. in DFT

U One may also regaiskyrmeTDHF as TDKS in TDDF

Unrestricted variation

Schrodinger eq: Kohn-Shamequation:
hZ
A0 = E|v) = 5 Tl ) = 564

Variation for a Slater determinant

2m

Hartree-Fock eq: *Integro-differential eq.

(—h—ZVQ + I‘H("‘))(ﬁi(”) + /I‘p(r, r)i(r)dr’ = cidi(r)

Unreitri}te.d Naﬂaiion
’ oF B N
HW*

/

A 1 -
U;5 = to(1 + 2o Py)d(r) + gtgpa(R)(l + x3P;)o(r)

+iWo (6, + &;) - [k x 6(r)k]

1 . A A .
—|—§t1(1 + 21 P,)[§(r)k? + K25(r)| + t2(1 4 22P5)K - 6(r

~

)2

/Skyrmeﬁ effecti ve *iat, @raaddate theoparameters

r =r; —r; . Relative coordinate
R=

b — (Vi — V;)/2i . Relative momentum op.

T.H.R. Skyrme Philos. Magl, 1043 (1958)

(ri+7;)/2 : C.M. coordinate

P, : Spin exchange op. )

Skyrme-Hartree-Fock eq:

2 A \
_ﬁ_v 20(r, o) ZF <blr0)=€¢¢z‘(7’af7)

oo’

ESkyrrne = <(I)|ﬁ8kyrme ’(I)> - E[pa T, j) S, Ta ‘]/ﬂ/]

OF

0&,

*E is a functional of various densitie

0, 007 (r,0) *3ystands here for various densities
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Then, how does it work?



DFT in Nuclear Physics

All nuclei can be described withsangleEDF

S
O
Q ar
=
- B
C "
C -
@) N=126
]
@
S
al 50
N=82
0 N;SU
' TN=28
N=20
N=8

Neutron number
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DFT in Nuclear Physics

All nuclei can be described withsangleEDF

Neutron star

S
G) : ‘ » A NEUTRON STAR: SURFACE and INTERIOR
O g o mumimnic
E LS CoRiE Y0 A ¢ CRUST:
Matter
- | |
C = ATMOSPHERE
ENVELOPE
O K={38 CRUST
= OUTER CORE
INNER CORE
S
& Z=50
N=82
Ps
= J
7=20 “N=50
Z=8
7 TN=28
N=20
N=8

Neutron number
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Let us switch from DFT to TDDFT



Brief (over)look at a chronology: from past to present

4 Y
DFET for superconductor LDA for superfluid Fermi gas§LDA)
Oliveira, Gross, and Kohn, PR((1988)2430 Kurth, Marquesl.iiders and Gross, Phys. Rev. Le8, 2628 (1999)
Bulgacand Yu, PRB8(2002)042504Bulgag PRG52002)051305(R)
TDDFT fprsuperconductor TD-LDA for superfluid Fermi gas{DSLDA)
Wacker,Kimmel and Gross, PRL3(1994)2915 | Bulgacand Yoon, PRL022009)085302Bulgacet al, Scienc8322011)1288

. Realspace TDIDFT for mglecules
Other Sides K. Yabana and efg Bertsch, Phys. Re%434484 (1996)

(Cond_ Mat. or DFT) Reatspace TODFT for soli
Bertsch, Iwata, ubio, and Yabarta, Phys. Re&2B87998 (2000)
4 A
ABirth of DKRB rt TODS&S.DA TDSLDA

1956,59 1964,65 19701976 1984 2010 20

ﬁON]ucI R%r(\) DFT or EDFO w4\
Linear-response, RPA
FAM: PRC76(2007)024318 (TD)DFT for

Density-Constrained TDHF Solid crusts of
neutron stars
Realspace ATDHFO for nQREARIFB col |8 (26298

| 1D: P.Bonche S.Koonin, and J.WNegele Phys. Rev. @3, 1226 (1976)
N UCIea‘r Slde 3D: R.Y.CussonR.K. Smith, and J.AMaruhn Phys. Rev. Lett36, 1166 (1976)

Skyr me 6 sSkyrmeit HF 0, A TOBIIFOt h
interaction (1988)

Reals p aSkegmédHF o0 f or at omic nucl ei
D. Vautherinand D.M. Brink, Phys. LetB82B, 149 (1970); Phys. Rev.%; 626 (1972)jbid. 7, 296 (1973)

Skrymebsective interactiono
T.H.R. Skyrme Phil. Mag.1, 1043 (1956)Nucl. Phys.9, 615640 (1959)
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DFT vs. TDDFT

U TDDFT is a time-dependent extension of DFT, but derivationare different

DFT TDDFT
C! For what? Ground state Excited states,dynamies
C! Relieson: Hohenberg-Kohn theorem Runge-Gross thearem
H.K. N S.E. R.G. N TDSE
n(r) & Ve (r) & H < ¥ n(r,t) & Vi (1, 1) & H(t) & W(t)
U(ry,...,rn) = Vn(r)] U(ry,...,rN,t) = ¥Yn(r,t)]
C! Basedon: Variationall principle Taylor expansions
A 1 O™ f(r,t R
Bpo = m}%n gl_l>Il<\If[n”H’\If[n]> = Elngs] f(r,t) = Z — gg ) (t—1t")
- n=l) t=t’
C! Magic of: Kohn-Sham Schem&' KSeq. van Leeuwe nYoEDKS eg.e

K. Sekizawa Nuclear TDDFT: Past, Present, and Future Thu., Dec. 8, 2022



TDDFT in a tiny nutshel the Runge&sross theorem

E. Runge and E.K.U. Gross, Phys. Rev. L&#.997 (1984
Onebody density: Onebody current density: TDSEs:

prt) =N [arae [arspueP i) = 3o [arae [ara[w @9 - vove o] al - py nlY

— [;ﬂ‘lll

U=U(r,...,rn,1) H=T+V + Ve

The rate of change of the current density reads: H'=T+V+ Vi
ﬁ = ﬂ/dr ---/drN [(H\If)*v\lr— UV*V(HWV)+ (HY)VU* — \pv(Hq;)*] o (a)
ot 2m 2
8—f = l dro - - - dr [(H’\I;/)*V\I;f _ ‘I’/*V(H’\Ifl) + (H,\I”)ll”* o ‘lf/V(H’\II')*] > > > (b)
ot 2m 2 N

w G =88] = —plr O [l t) —vt(r] | ()

7 o(0)

*One can obtain equations for highander derivatives in the same manne

4 As in the case of static DFT, we have a TDKS sche&,
according to the following on-one correspondences:

. TDSE RG
Ht) = U(t) o j(rt) & p(r,t)

\ j

*Taking divergence of Ed.() and using the continuity equation, one can obtain equations for the de%tyf V-7=0

K. Sekizawa Nuclear TDDFT: Past, Present, and Future Thu., Dec. 8, 2022



he van LeeaesevwwenRiss tobeao TRKES?

TDDFT is a timedependent extension of DFT

TDSE for anN-body system

0 . T
Ehaqula" TN: _C@[J Tla" TN) )) H(t):T_l_W_I_‘/ext(t)

(

Even if interactions are differenty”’ = W,

there existd/_ . (t) that reproduces:’(r,t) = n(r,t)
' Time

TDSE for anotheN-body systemwith a different interactiomno

0 : .
e (T, T ) —w(ry,... v, 1) H()=T+W + V. (%)

R. vanLeeuwen Phys. Rev. Let82, 3863 (1999)

K. Sekizawa Nuclear TDDFT: Past, Present, and Future Thu., Dec. 8, 2022



he van LeeaesevwwenRiss tobeao TRKES?

TDDFT is a timedependent extension of DFT

TDSE for anN-body system

0 . T
Ehaqula" TN: _C@[J Tla" TN) )) H(t):T_l_W—I_‘/ext(t)

= |W[p(t)]) for all time

1) = prs (7, 1)

Pexact\T (

to Time
®
TDKS eq. in TDDFT @ T i.e, a noninteracting systeDn//
iha¢i(rat) — _h_zvz_l_fu [ ( t)] ¢(T t) UKS (r’t)
o m v+ Ualem O]l ))

R. vanLeeuwen Phys. Rev. Let82, 3863 (1999)
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TDDFT in Nuclear Physics

TDDFT is a versatile tool!!

: Vortex-nucleus dynamics
500

400
300
© 200}
100

[mb]

12 16 20 24 Phys. Rev. Lettl17, 232701 (2016)

E [MeV] G.WI a z §,Kves RMagierski A. Bulgag and M.M. Forbes
Phys. Rev. B4, 051309(R) (2011)
|. Stetcy A. Bulgag P.Magierski and K.J. Roche LOW_energy hea\/yion reactions

L Time Ap =
Induced fission of24%Puy OO "o

ime= 12235.5 fm/c . ‘%7

Phys. Rev. Lettl16, 122504 (2016) Phys. Rev. Lett119, 042501(2017)
A. Bulgag P.Magierski K.J. Roche, and Btetcu P.Magierski K.S.,and GWI a z § o ws
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Low-energy heawyon reactions



How to describe h@avgactions

Once an EDF is given, there are no empirical parameters

1. Prepare ground states of projectile and target nuclei

KS (or HF) equations

G2 v )] |i(r) = = ()

2m
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How to describe h@avgactions

Once an EDF is given, there are no empirical parameters

1. Prepare ground states of projectile and target nuclei

KS (or HF) equations

[‘%W + valp(7)] [ 9i(r) = =i pi(r)
/4 ‘

3. Give relative momentum, and let them coIIi(AI

2. Put them into a larger box

/
Pa

/
/
/
Va

( )

ya
Va
ya

TDKS (or TDHF) equations ﬁ

/
/
Va

s
/

. 0oi(r,t) h? Vz | | 2 7
th—57== | =5,V tvlo(r, )] 4i(r,?) ._ i
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®iNi+23%J atE ;=390 MeV

K.S. and K. Yabana, PR3(2016)054616

Quasifission dynamics in TDDFT

Tip collision

Shell effects 0f%PDb

24 Neutrons

12 Pr O

K. Sekizawa Nuclear TDDFT: Past, Present, and Future

Side collision

More masssymmetric

32 Neutrons
18 P

Thu., Dec. 8, 2022



*Ni+23% atE;,,=390 MeV K.S. and K. Yabana, PRG(2016)054616

TDDFT provides quantitative description of quasifission dynamics

TKE-A distribution: Comparison with experimental data

TDDET ' Experiment

TKE (MeV)

1 | I I |
150 200 250

50 100 150 200 250
A A

Expt.: E.M. Kozulin et al, PLB6862010)227
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Extracting transfer probabilities

One may extract transfer probabilities, thodghs [ (7, t)] # Pexact [n(7, )]

H.J.Luddeand R.M. Dreizler, J. Phys. B: Atom. Mol. Ph{s$, 3973 1983 S.E.Koonin, K.T.R. Davies, VMaruhnRezwanj H. Feldmeier,
R. Nagano, K. Yabana, T. Tazawa, and Y. Abe, BE2000)062721 S. J. Krieger, and J. W. Negele, PR1977)1359
. . . Particlenumber projection for TDHF:
Electron transfer in collisions of ArandAr C. Simenel PRL1052010)192701
TDHE TDKLI (x0) TOLDA K. Sekizawaand K. Yabana, PRE3(2013)014614
6
a4 . .. .
" 2 Nucleon transfer in collisions &8Ni and?°%Pb
y=- 0
-2 _ _
58yp: 2085, , ,
:g Ni+"Pb (£,,=328.4 MeV)
l“ 1{?\ T 1 " 1 ™ ] ™ ] °T | lU Jy,,fl L L AL |k|)|_
7 Itr a) 7 :
0.8 Neutron o (_}_: 0.8 7| Neutron . {._. _)_:
7 | 3 / - ]
= 0A = 067 oh 3 06y on
RPN +3n = g | ¥ +10n --- 3
= 0.4 7 +4n --7 047 +11n E
7 +5n ] 7k g +12n = 3
(J2 ‘:;' 15 +6n —- ] {}2 :: . w \"'---x:"ljll _—:
0.0 Attt e tmed ) B PN ST
=2A l“ f},;\ T 1 T T 1T ™ |: l()%;l T T T 1 T T T ] 1 |:
= ] ;;; Proton ) 7/ Proton (d)
0.8 & 0p — 0.8 77 +lp =7
7 dp 1 7 +2p o ]
=~ 06) b g 06 b ]
= 7 TN B 4p ]
04y B3 04y 5T
ysah 0.2 !\f\ / 3 02y E
U“ ‘ff:":"r.l. 'H \'|. PR e O TR ] {}U K |“‘+-='"'|'"--u----.l. bodonil .|.\"'|' -|...L_:
1 2 3 4 5 6 7 8 2.0 2.5
b (fm) b (fm)
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https://www.freepik.com/free-photo/3d-hyperspace-background-with-warp-tunnel-effect_8879794.htm

noni

on

The fate of a massive star

Nuclear reactions:
IHY 4HeY 2CY 150Y 2NeY Mgy 28SjY ..Y S¢Fe

After forming t he
Y no more fuel

Y gravitational collapse
Y supernova explosion

structureo

The Crab Nebu-la
Remnant of the SN in 1054

Picture: https://en.wikipedia.org/wiki/Crab_Nebu



The size is like Earth, Life cycle of a star

but with the solar mass

R The Sun will be a WD
/! after 5 billion years

| : . Interstellar gas
S Whlte‘dwarf | 3.

~

-o

§ V\Planetary nebula /
M ~8 20M.

*, (7 ™ v ® Neutron star \

ffs 4 \\.\

&(‘.‘ /

SN remnan® . Black hole
4 MZ10 20Mg )

M 5 Mg

Red giant

-
DA
*
*
*

“ e Supernova

Red supergiant

0‘. . .
* . M M .
® a 1.3Mq < <8 Q e
H - a4 I EE LR
e CNO cycle, 30, p-p chain ..o .
He T T e p-p chain

Picture: https://www.astroarts.co.jp/products/stinav7/spec/plangshsml



