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Throughout the lectures we will restrict ourselves to non-relativistic treatments.Note:

K. Sekizawa

A rationale behind the ñnon-relativisticò treatment
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Only from the saturation density, you can already infer, as follows:

Lorentz factor:

V Nucleons inside a nucleus are not really relativistic.

*Note that there are relativistic approaches, such as relativistic mean-field (RMF) theory or covariant DFT, 

which are rooted with the meson-exchange picture, explains the origin of spin-orbit and time-odd interactions, ...

V Nuclear saturation density:

ü Fermi wave number:

for n or p

ü Fermi momentum: ü Fermi energy:

ü Fermi velocity:

(about 15 min)

(cf. Super-Kamiokandeexperiment)

Quite small!



Thatôs it!

If you agree with the use of non-relativistic treatments

However, itôs practically impossible.. Why?

Our ultimate goal would be to solve the many-body Schrödinger equation:

Portrait: https://en.wikipedia.org/wiki/Erwin_Schr%C3%B6dinger

E. Schrödinger (1887-1961)

in 1933

https://en.wikipedia.org/wiki/Erwin_Schr%C3%B6dinger


We want to solve this, but canôt in practice. Why?

Difficulties in solving the many-body Schrödinger equation

1.  Itôs computationally too demanding.

2.  We donôt really know actual form of nuclear interactions.

Ç The number of degrees of freedom of Ɋ is:
x,y,z ŷ,Ź n,p

6˷1010 for A=10

8˷10107 for A=100

2˷1025 TB for 103, A=10

3˷10636 TB for 1003, A=100
Ç To store Ɋ on a HDD, one needs:

Nx˷Ny˷Nz
ŷ,Ź n,pdouble precision

complex (byte)

In other words,ñɊ contains enormousamount of information!ò(may be too much!)

Ç Lattice QCD calculations are under way, but still have not provided the actual force.

ÇOne may parametrize the ñbareò NN interaction, and fit to reproduce NN scattering data.         

(It is called ñrealistic nuclear force.ò It shows a repulsive core which requires a caution.)

The problem is two-fold:
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A theory which gives us access to the exactsolution

Kohn-Shamequation

Equivalent!

(for a special EDF)

This is the key!
EDF

w.f. is a functional of density

P. Hohenberg and W. Kohn, Phys. Rev. B 136, 864 (1964)

What is DFT?

Energy can also be written as a functional of density
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C-Z. Gao et al.,

J. Phys. B: At. Mol. Opt. Phys. 48, 105102 (2015)

Fullerene: C60

Y. Shinohara, K. Yabana, Y. Kawashita, J.-I. Iwata, T. Otobe, and G. F. Bertsch,

Phys. Rev. B 82, 155110 (2010)

Si crystal

Great Success of the Density Functional Theory

W. Kohn and L.J. Sham, Phys. Rev. 140, A1133 (1965) 46,208 citations!

P. Hohenberg and W. Kohn, Phys. Rev. 136, B864 (1964) 38,725 citations!
The seminal papers on DFT

Number of publications with ñDFTò (till 2013)

Year
A. Galanoand J.R. Alvarez-Idadoy, J. Compt. Chem. 35, 2019 (2014)

The Nobel Prize in Chemistry 1998

Walter Kohn John Pople ©https://www.nobelprize.org



The existence was proven, but its shape is unknown..

CAUTION!
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The existence was proven, but its shape is unknown..

CAUTION!

ñInverse Kohn-Shamò

Developing better functionals is

an important subject in nuclear theory!



Anakin Skywalker: https://starwars.fandom.com/wiki/Anakin_Skywalker

The Jedi of DFT

May the DFT be with you..

In principle,

it is an exactapproach..

(if we find the universal EDF)

https://starwars.fandom.com/wiki/Anakin_Skywalker


Darth Vader: https://www.eiganohimitsu.com/1810.html

The Darkside of DFT

May the DFT be with you..

In principle,

it is an exactapproach..

The Jedi of DFT

(if we find the universal EDF)

Anakin Skywalker: https://starwars.fandom.com/wiki/Anakin_Skywalker

In practice,

it would neverbe exact!!

(since we donôt know the universal EDF)

https://www.eiganohimitsu.com/1810.html
https://starwars.fandom.com/wiki/Anakin_Skywalker


In electronic systems:

The interaction is exactly known:)

In nuclear systems:

The interaction is not completely known:(

Kinetic Coulomb
btw protons

òSomething complicatedó

NN interaction
3-body interaction
LS, tensor, ...
repulsive core ...

Kinetic Coulomb
btw electrons

Coulomb
from ions



Hartree-Fock theory with an effective interaction

Then, the resulting HF energy becomes a functional of various local densities:

*It looks as if there are only local (direct) terms, but it contains the exchange terms.

ü In practice, a zero-rangeeffective NN interactionhas been applied

Spin exchange operator: Relative-wave-vector operator:

(     is a C.C. of     acting to the left)

t0-3, x0-3, Ŭ, and W0 are parameters, which are 

adjusted to reproduce known nuclear properties.

Skyme(zero-range, contact-type, density-dependent) effective interaction
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SkyrmeHartree-Fock vs. DFT

Unrestricted VariationUnrestricted variation

Schrödinger eq:
so, of course, HF Í DFT

Variation

for a Slater det.
Variation for a Slater determinant

Hartree-Fock eq: * Integro-differential eq.

Slater determinant: Orthonormal condition:

Hartree potential (direct term): Fockpotential (exchange term):

Regarding ESkyrme as an EDF,  Skyrme-HF eq. may be regarded as KS eq. in DFT
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Skyrme-Hartree-Fock eq:

*E is a functional of various densities

Unrestricted variation

Schrödinger eq:

Unrestricted Variation

Regarding ESkyrme as an EDF,  Skyrme-HF eq. may be regarded as KS eq. in DFT

Variation for a Slater determinant

Hartree-Fock eq: * Integro-differential eq.

Kohn-Shamequation:

Skyrmeñeffective interactionò T.H.R. Skyrme, Philos. Mag. 1, 1043 (1956)

:  Relative coordinate

:  C.M. coordinate

:  Relative momentum op.

:  Spin exchange op.

* t0-3, x0-3, W0, and Ŭare the parameters

ü One may also regard Skyrme-TDHF as TDKS in TDDFT

Variation

for a Slater det.

*ɝŬstands here for various densities

SkyrmeHartree-Fock vs. DFT
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Then, how does it work?



Neutron number
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DFT in Nuclear Physics

All nuclei can be described with a singleEDF

N, Z
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~ ~

Neutron star

DFT in Nuclear Physics

All nuclei can be described with a singleEDF
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Let us switch from DFT to TDDFT



Nuclear Side
Real-space ñTDHFò for nuclear collisions
1D: P. Bonche, S. Koonin, and J.W. Negele, Phys. Rev. C 13, 1226 (1976)

3D: R.Y. Cusson, R.K. Smith, and J.A. Maruhn, Phys. Rev. Lett. 36, 1166 (1976)

Real-space ñSkrymeHFò for atomic nuclei
D. Vautherinand D.M. Brink, Phys. Lett. 32B, 149 (1970); Phys. Rev. C 5, 626 (1972); ibid. 7, 296 (1973)

Skrymeôsñeffective interactionò
T.H.R. Skyrme, Phil. Mag. 1, 1043 (1956); Nucl. Phys. 9, 615-640 (1959)

Other Sides

(Cond. Mat. or DFT)

1998
1964,65

ñBirth of DFTòñBirth of TDDFTò

1984

Linear-response, RPA

FAM: PRC76(2007)024318 (TD)DFT for

solid crusts of

neutron stars

2019 (2022)~

1956,59

Skyrmeôs

interaction

19761970

SkyrmeñHFò, ñTDHFò

Density-Constrained TDHF

DFT for superconductor
Oliveira, Gross, and Kohn, PRL60(1988)2430

TDDFT for superconductor
Wacker, Kümmel, and Gross, PRL73(1994)2915

QRPA, TDHFB, ...

Real-space TDDFT for molecules
K. Yabana and G.F. Bertsch, Phys. Rev. B 54, 4484 (1996)

1996

Real-space TDDFT for solids
Bertsch, Iwata, Rubio, and Yabana, Phys. Rev. B 62, 7998 (2000)

2000

Brief (over)look at a chronology:  from past to present

ñBirth of KSò

(1988)

ñNuclear DFT or EDFò was spread over the field..

SLDA TDSLDA

20222010

LDA for superfluid Fermi gas (SLDA)
Kurth, Marques, Lüders, and Gross, Phys. Rev. Lett. 83, 2628 (1999)

Bulgacand Yu, PRL88(2002)042504; Bulgac, PRC65(2002)051305(R)

TD-LDA for superfluid Fermi gas (TDSLDA)
Bulgacand Yoon, PRL102(2009)085302; Bulgacet al., Science332(2011)1288

K. Sekizawa Thu., Dec. 8, 2022Nuclear TDDFT: Past, Present, and Future



DFT TDDFT

DFT vs. TDDFT

Runge-Gross theoremHohenberg-Kohn theorem

van Leeuwenôs theorem Ÿ TDKS eq.Kohn-Sham Scheme Ÿ KS eq.

ÇFor what? Ground state

ÇRelies on:

Excited states, dynamics

H.K. S.E. R.G. TDSE

ÇBased on: Variational principle

ü TDDFT is a time-dependent extension of DFT, but derivations are different

Taylor expansions
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ÇMagic of:



TDDFT in a tiny nutshell - the Runge-Gross theorem

*One can obtain equations for higher-order derivatives in the same manner

(a)˵ (b) ʾʾʾ (̒)

E. Runge and E.K.U. Gross, Phys. Rev. Lett. 52, 997 (1984)

As in the case of static DFT, we have a TDKS scheme

according to the following one-to-one correspondences:

*Taking divergence of Eq.(̒ ) and using the continuity equation, one can obtain equations for the density.

TDSE RG

The rate of change of the current density reads:

ʾʾʾ (a)

ʾʾʾ (b)

One-body density: One-body current density: TDSEs:
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TDSE for another N-body system (with a different interactionὡᴂ)

What is the van Leeuwenôs theorem?

R. van Leeuwen, Phys. Rev. Lett. 82, 3863 (1999)

Time
t

TDDFT is a time-dependent extension of DFT

t 0

TDSE for an N-body system

Even if interactions are different,                ,

there exists that reproduces
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What is the van Leeuwenôs theorem?

R. van Leeuwen, Phys. Rev. Lett. 82, 3863 (1999)

Time
t

TDDFT is a time-dependent extension of DFT

t 0

TDSE for an N-body system

K. Sekizawa Thu., Dec. 8, 2022Nuclear TDDFT: Past, Present, and Future

ὡᴂ ὡᵼRG

TDKS eq. in TDDFT (ὡ π, i.e., a non-interacting system)

for all time

ὡᴂ πᵼTDKS



Phys. Rev. Lett. 116, 122504 (2016)

A. Bulgac, P. Magierski, K.J. Roche, and I. Stetcu

Induced fission of 240Pu

TDDFT is a versatile tool!!

Low-energy heavy-ion reactions

Phys. Rev. Lett. 119, 042501(2017)

P. Magierski, K.S., and G. Wlazğowski

Time

IVGDR

Phys. Rev. C 84, 051309(R) (2011)

I. Stetcu, A. Bulgac, P. Magierski, and K.J. Roche

Phys. Rev. Lett. 117, 232701 (2016)

G. Wlazğowski, K.S., P. Magierski, A. Bulgac, and M.M. Forbes

Vortex-nucleus dynamics

TDDFT in Nuclear Physics
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Low-energy heavy-ion reactions



How to describe heavy-ion reactions

KS (or HF) equations

1. Prepare ground states of projectile and target nuclei

Once an EDF is given, there are no empirical parameters
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3. Give relative momentum, and let them collide

TDKS (or TDHF) equations

How to describe heavy-ion reactions

KS (or HF) equations

1. Prepare ground states of projectile and target nuclei

2. Put them into a larger box

Once an EDF is given, there are no empirical parameters
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Quasifission dynamics in TDDFT

64Ni+238U at Elab=390 MeV

Shell effects of 208Pb More mass-symmetric

Tip collision Side collision

24 Neutrons

12 Protons
32 Neutrons

18 Protons

K.S. and K. Yabana, PRC93(2016)054616
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64Ni+238U at Elab=390 MeV

T
K

E
 (

M
e

V
)

A

TKE-A distribution:  Comparison with experimental data

Expt.:E.M. Kozulin et al., PLB686(2010)227

TDDFT Experiment

TDDFT provides quantitative description of quasifission dynamics

K.S. and K. Yabana, PRC93(2016)054616
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Extracting transfer probabilities

H.J. Lüddeand R.M. Dreizler, J. Phys. B: Atom. Mol. Phys. 16, 3973 (1983)

R. Nagano, K. Yabana, T. Tazawa, and Y. Abe, PRA62(2000)062721

Electron transfer in collisions of Ar8+ and Ar

One may extract transfer probabilities, though

S.E. Koonin, K.T.R. Davies, V. Maruhn-Rezwani, H. Feldmeier, 

S. J. Krieger, and J. W. Negele, PRC15(1977)1359

Particle-number projection for TDHF:

C. Simenel, PRL105(2010)192701

K. Sekizawaand K. Yabana, PRC88(2013)014614

Nucleon transfer in collisions of 58Ni and 208Pb
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ñ3d hyperspace background with warp tunnel effect Free Photoò @freepik

Fromnuclei to neutron stars

https://www.freepik.com/free-photo/3d-hyperspace-background-with-warp-tunnel-effect_8879794.htm


He

H

C, O
O, Ne, Mg

Si

Fe

ñOnion structureò

Nuclear reactions:
1H Ÿ 4He Ÿ 12C Ÿ 16O Ÿ 20Ne Ÿ 24Mg Ÿ 28Si Ÿ ... Ÿ 56Fe

The fate of a massive star

The Crab Nebula

Remnant of the SN in 1054

After forming the iron coreé

Ÿ no more fuel

Ÿ gravitational collapse

Ÿ supernova explosion

Picture: https://en.wikipedia.org/wiki/Crab_Nebula



Picture: https://www.astroarts.co.jp/products/stlnav7/spec/plane_list-j.shtml

Life cycle of a starThe size is like Earth,

but with the solar mass

The Sun will be a WD

after 5 billion years

Red giant

Red supergiant

Planetary nebula

White dwarf
Interstellar gas

Star

Protostar

Supernova

SN remnant Black hole

Neutron star

p-p chain

H

He

C, O

He

H


