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χЍϱЗЬϼІϬṜ βϥ

ⱲḧӢ Gross-Pitaevskii ꜠ʿTDGPE

ˢΚϥΜψⱲḧӢ ἹSchrödinger ꜠ʿTDNSEx
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ⱲḧӢ Gross-Pitaevskii ꜠ˢTDGPEx

Щ˔І ◓χל

ᵰ ˢЕжАФˣ

üTDGPEʿổ χ ḩ ►ȟὸχ Ξ ꜠

῀⌠ χếή

Ἱ‮

VϕρϭςSchrödinger ꜠ρ αιΥʼ ῀⌠ Υ ḩ ꜛ τӢ βϥθϛʼ
Ἱ Υ ϘϦϥ

V―ΠοΜϥὉτψ χЩ˔І ◓Υ ∕βϥΥʼᵧΩ ϵКиϻ˔ τổ
βϥχπʼζχổ ḩ 1 ιΪӌΠωΜΜ

ʿ ◓ ὔτṛᶊᴟήϦοΜϥ

Vổ χ ḩ ɰ►ȟὸψ χ πʼ χ ᶤϬⱱνʿ

˷ӡ
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꜠ρ χ

ü χ ψʼ χӡ χῠ τ βϥ

TDGPEʿ

ổ χ χⱲḧ Ϭρϥρʿ

ʿ χ Ϧ

ᵰ ʾ ῀⌠ םψ‮ σχπ ╙

V ⱲḧӢ Schrödinger ꜠χ ›ρ

Ϭ βϥρʿ

ʿ ꜠

V χ ψʼ
Іϸж˔ḩ χῠ π ΠϣϦϥ
ЪГрЄаи ˢ˹֞ ΰˣ
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ầ ʿ

ם ʿ Ϭ ὲπᶤμθ

K. Sekizawa

TDGPEχ ᶘ ᵔּת (1/2)

ü TDGPEχầ ψʼ χ τ βϥ ꜠ρ ᴣ

Ϭ ΰʼ ⌠Ϭ◓▄ם ήδθῇπὩ ►ȟ Ϭ ρβρʿ

ם ʾầ ζϦηϦϬ ᶓβϥρé

ầ χ꜠Ϭ βϥρʿ

V TDGPEχầ Τϣ
꜠Υ ΤϦθ˂

TDGPEʿ
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K. Sekizawa

TDGPEχ ᶘ ᵔּת (2/2)

ü TDGPEχם ψʼ ◓ӊ reluEιϭḯϬ‮ ꜠πʼḁ ϬṜ βϥ

ם χ꜠χ τᶯϬ⌠ ήδʼ○
ᴐ
•ɳϬ Μο βϥρʿ

◓ӊ ‮
ˢ χἋḧ ᴟΥΚϥράϧπ῟Ψˣ

Ϭ ΰʼ ⌠Ϭ◓▄ם ήδθῇπὩ ►ȟ Ϭ ρβρʿ

ầ ʿ

TDGPEʿ

ם ʿ Ϭ ὲπᶤμθ

ם ʾầ ζϦηϦϬ ᶓβϥρé

ḁ ˢ ΰˣτ βϥ
ЗРϵʾІЕ˔ϼІ ꜠ʿ Љк

˹Ϸϱж˔ ꜠
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K. Sekizawa

ṁ χὓ▄ ʿầⱲḧ

ü ΜầⱲḧ Ϭ“Ξάρπʼṁ χ ḩ Υ ϣϦϥ

cf. םⱲḧ χ ›ʿ

ñầⱲḧòⱲ ░◄Ϭ ΰʼầⱲḧ Ϭ―Πϥρʿ

▪ϬМЬиЕИϯр╗χᾧ ḩ ρΰʼḁ ὉϬ ϥϜχρβϥʿ

V ╔▪ ╔ ▪ σχπʼ
Ṟ ψ◙ ḩ τᾚ

μοʼầⱲḧ Ϭ ϛοΜΨρṁ ▪ χϙΥ▪ϥχπʿ

V ầⱲḧ ψ ˑσ ◓Ὁτ
πΦϥὓ▄︣

V Ⱳḧם ρϕρϭς αὓ▄Ѐ˔Жπ Ϭὓ▄βϥάρΥπΦϥ
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ʾ Υꜘβ ◘ṳσ ṞЯ˔Ж

Ÿ ӡ ὧḪϬ ΞʼЕЪкЅϸиσ Ṟ
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1ⱳᾕGPEϬᵔΜοʼЍ˔ϼЊзЕрϬ⌠μοϙϥ

σ ṍ ḩ

ầⱲḧ

Ϭ2ντ Ϊϥ
ЪГрЄаи

V ầⱲḧ ʿ

ṛᶊᴟβϥχπʼгИЌз˔ ψΚϘϤṓτΰσΜπΜΜ

V Ⱳḧם ʿ

t=0π ЪГрЄаиϬ︡Ϥ ΦʼםⱲḧ ήδϥ

V ( ⱳᾕᴟήϦθ) 1ⱳᾕTDGPEʿ  ɔʿᾝ σ╩ԄϬ ϙ β‮

ü ầⱲḧ π ϬẐϛʼםⱲḧ πЍϱЗЬϼІϬṜ βϥ

V ӡ ₯χ ʿ
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1ⱳᾕTDGPEτϢϥЍ˔ϼЊзЕрχ

ȹű= 0

ȹű= ˊ



╩Ԅχ‮ χ ᶓˢɔ= 0, 0.05x

ȹű= 0

ȹű= ˊ
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ЕЪкЅϸиσ ṞΥḩ βϥ ˑσᾝ

ᾖ◓χBECτᾋϣϦϥӡ ὧḪ

C. Becker et al., Nature Physics 4, 496 (2008)

Ÿ םᾓὫᴮϬ1D TDGPEπ

χBECϬ₤εθ ›ʼ
Ѝ˔ϼЊзЕр τộ∕βϥ

Ÿ УжϱЕЊзЕр

֓ τᾋϣϦϥӡ ὧḪ

Іϸж˔ Υ Ϭ ϥ
Ҧ ϵКиϻ˔ψ αιΥʼӡ χӰσϥ ϒ

ñKibble-ZurekṐ ò

ӱΥẍὣτṞάϥρʼἋḧ τ Ϧθ ΥӰσ
ϥӡ τσϤʼЖЮϱр ˢӡ χ σ ˣ
ΥἹ ήϦϥ

Ҧ ֓ ϋϜˢCosmic Stringx

ρᾦωϦϥӡ ὧḪχЌКτσϥ

Ԋʿӡ

Ἃḧ τԁ σЪГрЄаиψ
Ϭ ΠσΜˢӡ ψ ϩϥˣ

t = 11 ms

t = 2.8 s
of 87Rb

ӡ Υˊ τ ᴟΰʼζχ χ Υᾚ
Ҧ Ѝ˔ϼЊзЕр
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2ⱳᾕʾ3ⱳᾕπψʼ

ЊзЕрψ ◓֞τ ᵗπΦϥ
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άχñὪòπʼ
ЫϽϸАФρẞϬỸ βϥ

πψʼ֞Υ ◓ᴟήϦϥ˂

ḕ:

*ЕЪкЅϸиσὧḪΥσΜᾢϤ

χ :χ :

Pictures: https://en.wikipedia.org/wiki/Topology

֞ :

ψ֞σΰ

◓֞ρψˁ
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πψʼ֞Υ ◓ᴟήϦϥ˂

ḕ:

*ЕЪкЅϸиσὧḪΥσΜᾢϤ

χ :χ : ֞ :

ψ֞σΰ

◓֞ρψˁ

◓֞

Υ
ﬞϩϦοΜϥñὪò

ὧḪΥΚϥ ›:

ᵕ βϥ Υ ◓ᴟήϦϥ

ḕχ ◓ᴟ

* αἋḧ χ ḩ χӡ
Υ απΚϥάρχ Τϣ
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ꜗ : ЫϱІЗ˔῟ᴮ

:  Ϻазϯˢϼ˔О˔ ˣ
χ ʼל ʼ ᴟ

:  крЖр ꜠

ӡ ὧḪΥΚϥ ›ʿ

ꜗ χ ◓ᴟ (fluxtube, fluxoid, ΚϥΜψ fluxon)

K. Sekizawa

◓֞ρψˁ

πψʼꜗ Υ ◓ᴟήϦϥ˂

ḕ:

*ЕЪкЅϸиσὧḪΥσΜᾢϤ

◓֞

Υ
ﬞϩϦοΜϥñὪò

ὧḪΥΚϥ ›:

ᵕ βϥ Υ ◓ᴟήϦϥ

ḕχ ◓ᴟ

* αἋḧ χ ḩ χӡ
Υ απΚϥάρχ Τϣ
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TDSLDAὓ▄χὫᴮʿ

ӡ χ Υ֞ (vortex ring) Ϭ⌠Ϥʼ֞♇τ ᵗβϥ

G. Wlazğowski, A. Bulgac, M.M. Forbes, and K.J. Roche, Phys. Rev. A 91, 031602(R) (2015)

Heavy soliton?:  Nature 499(2013)426

Vortex ring?:  PRL112(2014)025301

K. Sekizawa

Ẁᾖ◓ṓ τΣΪϥЕЪкЅϸиσ Ṟ
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M.J.H. Ku, B. Mukherjee, T. Yefsah, and M.W. Zwierlein, Phys. Rev. Lett. 116, 045304 (2016)

ᾓρЄЬвй˔Єдрχם πʼ֞ Ÿ֞♇χἹ Υᶎ ήϦθ

Time

֞

֞♇

K. Sekizawa

Ẁᾖ◓ṓ τΣΪϥЕЪкЅϸиσ Ṟ
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ΤΦ₤εϥ

ἱΪοΤΦ₤εϥ

ẔἹχ Ϭ Τβ

Real-Time Dynamics of Quantized Vortices in a Unitary Fermi Superfluid

A. Bulgac, Y.-L. Luo, P. Magierski, K.J. Roche, Y. Yu

Science 332, 1288 (2011)

◓֞χἹ

֞ ʾ֞♇χἹ

֞χῖ₯ʾ™Ὣ›

Ҧ ◓ ᾝ ρḩἰ

K. Sekizawa

гИЌз˔ТϴиЬṓ τΣΪϥЕЪкЅϸиσ Ṟ
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TDGPEτϢϥϸиЫр֞ χ

Fig. 1 Fig. 3

ϸиЫр֞ τ ⱨΰθ֞ ψʼ πϜםᾝΰ ϥ
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◓ ᾝ ρψˁ

֒ : Fig. 1 taken from

A. Villois et al., Phys. Rev. E 93, 061103(R) (2016)

₮ : йϷЗиЖʾЍʾсϰрЎ (1508~1513)

ϸϷІ , ήΜІϾ˔иϒχ╩Ԅ ֞♇χϜνϦʼ™Ὣ›ʼ

Љкχ τΣΪϥʼ ήΜІϾ˔иϒχϵКиϻ˔χ╩Ԅᵃ



Computational/theoretical challenge

Microscopic simulation of quantum turbulence in superfluid fermi gas

K. Kobuszewski, K. Hossain, M.M. Forbes, P. Magierski, K. Sekizawa, and G. Wlazğowski, Phys. Rev. A 105, 013304 (2022)



ᾖ◓ᶋτḩἰβϥЕЪкЅϸиσ Ṟ

Ҧ ñЊзЕр ò Ṟ



3D, TDSLDA calculations(Fayansw/o LS) τϢμο
ᾖ◓ᶋ τΣΪϥЊзЕр ṞρΜΞ Ṃσᾝ Ϭ ᾠ˂

?

Q. Ϭⱱμθ2νχᾖ◓ᶋϬ ήδϥρᴡΥṞάϥΤˁ

K. Sekizawa

ᾖ◓ᶋ τΣΪϥЕЪкЅϸиσ Ṟ
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ñ‰ϵКиϻ˔òπψσΜ˂˂

Animation taken from: Brookhaven National Laboratory Website (http://www.bnl.gov/rhic/)

http://www.bnl.gov/rhic/


͎νχᾖ◓ᶋϬ¬ζμρϐνΪϥº

~ ~
ᶋ τϢϥԏ

ϼ˔кр

R

?
ᾖ◓ᶋḧχЪГрЄаи

ТϴиЬ ◓ Ὁχ ”ЍϱЗЬϼІ



͏ˣ֫ Ϭ ΠʺםⱲḧ Ϭὓ▄

TDKS ꜠

K. Sekizawa

͎ˣ ΦΜὓ▄ᶊ◓τ

͍ˣ ᶋʾבּ ᶋχṁ Ϭὓ▄

KS ꜠

Ἃḧπᾖ◓ᶋםⱲḧʾם ᴂϬṜ

ϱϷр ᴂχṜ
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üTDSLDA equations (formally equivalent to TDHFB or TD-BdGequations)

:  anomalous density

:  s.p. Hamiltonian

:  number density

:  current

Kohn-Sham scheme is extended for non-interacting quasiparticles

:  pairing field

TDSLDA:  TDDFT with local treatment of pairing

TDSLDA (Time-Dependent Superfluid Local Density Approximation)

A large number (104-106) of 3D coupled non-linear PDEs have to be solved!!

# of qp orbitals ~ # of grid points
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ᴂῇχТжϽЮрЕχ֫ ϵКиϻ˔Υӡ ₯τӢ βϥ

TDSLDA results:  240Pu+240Pu (E/V
Bass

=1.1)

Why??

P. Magierski, K.S., G. Wlazğowski, Phys. Rev. Lett. 119, 042501 (2017)
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ᴂῇχТжϽЮрЕχ֫ ϵКиϻ˔Υӡ ₯τӢ βϥ

TDSLDA results:  240Pu+240Pu (E/V
Bass

=1.1)

Why??
Note:
ӡ ₯τ ΞJosephson̔͂ᴮπψ πΦσΜ

P. Magierski, K.S., G. Wlazğowski, Phys. Rev. Lett. 119, 042501 (2017)
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üThe additional energy(derived from Ginzburg-Landau theory)

L:  Length scale over which the phase varies

S:  Attaching area

ns:  Superfluid densitye.g.)  S=Ŕ2, L~R=6 fm, ns=0.08 fm-3Ÿ E~30 MeV

*It does not depend on the absolute value of the pairing!

240Pu+240Pu (E/VBass=1.1),

ȹ(r)ΥﬞϩϦοΜϥ
(ӡ χ χθϛ)

Additional energy is required to attach two superfluidswith different phases

±ЊзЕр σ² Ṟ

P. Magierski, K.S., G. Wlazğowski, Phys. Rev. Lett. 119, 042501 (2017)
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ӡ ₯τϢμοᶋ › ᴂΥ ήϦϥ˂

TDSLDA results:  90Zr+90Zr 

P. Magierski, K.S., G. Wlazğowski, Phys. Rev. Lett. 119, 042501 (2017)
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ӡ ₯τϢμοᶋ › ᴂΥ ήϦϥ˂

TDSLDA results:  90Zr+90Zr 

™

ᶋ ›

P. Magierski, K.S., G. Wlazğowski, Phys. Rev. Lett. 119, 042501 (2017)
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◓ τḩἰβϥЕЪкЅϸиσ Ṟ

Ҧ ОиЂ˔ϽзАЎᾝ



ОиЂ˔

ñϽзАЎò ᾝ

Picture: https://astronomy.com/magazine/ask-astro/2017/12/stellar-magnets

https://astronomy.com/magazine/ask-astro/2017/12/stellar-magnets


ОиЂ˔:  ᴗ βϥ ◓

V 1967 8ὮτΩ χ ᾋŸ ñLittle Green Manò LGM-1Ÿ PSR B1919+21

V άϦϘπτ2650ӟ χОиЂ˔Υ ᾋήϦθ

V ꜗớΤϣχ ꜗ τϢϤʼⱳבּ τᵕ Υ Ψσϥ



ОиЂ˔ñϽзАЎòρψˁ



Period (ms)

1970 1975 1980

Year

89.25

89.24

89.22

89.21

89.20

89.23

Time

ṍχ
= ᴗ χᾚ

)

ἷ :  Vela ОиЂ˔

üОиІ ṍχὋ σ χὫᴮʼЛϱЇχϢΞσϜχΥᾋνΤμθ

VϽзАЎ: 

ᵕ χẍσ ᴥ

ᵕ χ ᴥ˂



◓ χ πστΥṞάμοΜϥˁ

◓χ ◓֞χЍϱЗЬϼІ
Υ ϬӃϥρ―ΠϣϦοΜϥ



♆θκχ πψʼ֞ψ



W. Ketterle, MIT Physics Annual. 2001

πψʼ֞ψ ◓ᴟήϦϥ˂



W. Ketterle, MIT Physics Annual. 2001

Rotation speed HighLow

Vortex-number density

In rotating superfluid, an array of quantum vortices is generated

Å Observation in ultra-cold atomic gases

Quantum vortices in a neutron star
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W. Ketterle, MIT Physics Annual. 2001

Rotation speed HighLow

Vortex-number density

In rotating superfluid, an array of quantum vortices is generated

Å Observation in ultra-cold atomic gases

Quantum vortices in a neutron star
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W. Ketterle, MIT Physics Annual. 2001

Rotation speed HighLow

Vortex-number density

Quantum vortices in a neutron star

There must be a huge number (~1018) of vortices inside a neutron star!!
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ᵕ

Ⱳḧ

ϽзАЎ
˙

ϽзАЎῇχḜ
˙

◓χᵕ ψ
◓֞χ πὨϘϥ

Ҧ ֞ΥάСр ϛέήϦοΜϥρ
ᾚ πΦσΜ

ϼжІЕ( ṍ  )ψ
ꜗ πếΨЀϯρὫ›
Ҧ ρẶτᾚ

◓֞χСр ϛʾСрᵰϦΥṞάβϽзАЎχϱЮ˔Ѕ

ЫϽЗІ τṞԍβϥ
σñСрᵰϦò

ᵕ ₯Υ αϥρ
™όϽзАЎΥṞάϥ



Μ :  ֞ χ

Μ :  ᾖ◓ᶋχ

ԁ χ v0πx꞊ ΰτ

⁷Μ Ԋ:  ᾖ◓ᶋτ Ψ

Τʺԏ Τˁ

ІОЀрϬ Μθ
֞ʾᾖ◓ᶋЍϱЗЬϼІχЄЬвй˔Єдр

G. Wlazğowski, K. Sekizawa, P. Magierskiet al.,

Phys. Rev. Lett. 117, 202701 (2016)



ά έΗΗ

G. Wlazğowski, K. Sekizawa, P. Magierskiet al.,

Phys. Rev. Lett. 117, 202701 (2016)

ІОЀрϬ Μθ
֞ʾᾖ◓ᶋЍϱЗЬϼІχЄЬвй˔Єдр



Nuclear Physics!!

Provide model ingredients

Our goal and strategy

Goal:  Unveil the mechanism of glitches

Microscopic

Mesoscopic

Macroscopic

ü vortex-nucleus dynamics from neutrons and protons

ü hydrodynamics

ü observations

ü dynamics of vorticesin a lattice of nuclei

(e.g. filament model)

10-15-10-13m

104m

~10-10m

New collaboration started:

Nicolaus Copernicus Astronomical Centre

B. Haskell et al.


