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~From Nuclear Force, through EoS, to Neutron Stars~



Purpose of todayôs lecture

ÁTo present an overviewof the structure of neutron stars.

ÁTo explain how a variety of phases emergedepending on the density.

ÁTo point out the relevance between crustal properties of neutron stars and 

the band theory of solids, showing our recent attempt based on (TD)DFT .

ü To understand how structure of neutron stars can be understoodas a

microscopic quantum many-body problem (starting from nucleons

interactingthroughthenuclearforce).



ñFlat Earthò by iStock; ñStar Wars Spaceshipò by ValérianPierret@Artstation

Now we are sailing towards the edge of the nuclear landscape..

Letôs leave the planet 

of finite nuclei!

https://www.istockphoto.com/au
https://www.artstation.com/artwork/e0m4eJ


ñ3d hyperspace background with warp tunnel effect Free Photoò @freepik

Fromnuclei to neutron stars

https://www.freepik.com/free-photo/3d-hyperspace-background-with-warp-tunnel-effect_8879794.htm


Stars shine due to nuclear fusion reactions

The Sun

ʾRadius: ~7˷ 108m (~109timesbiggerthanEarth)

ʾMass: ~2˷ 1030kg  (~330 thousands times heavier than Earth)

ʾCentral temp.: ~10 million 

ʾSurface temp.: ~5000 

Picture: https://en.wikipedia.org/wiki/Sun
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Energy source of the Sun:  Nuclear fusion

Proton-proton (p-p) chain
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e+ e+
ɜe ɜe

Proton

Neutron

Positron

Before After˼

Lighter than before!

What happened:

Four protons became a helium nucleus!

Equivalence between mass and energy

Albert Einstein (1879-1955)

E:  Energy

m:  Mass

c:  Speed of light

This reaction generates energy

(exothermic)

Quantum tunneling allows for 

overcoming the Coulomb barrier!
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Heavy nuclei

Ÿ gain energy by nuclear fission

56Fe

Most stable

Stability of Nuclei

Light nuclei

Ÿ gain energy by nuclear fusion

Lighter
after fission

Energy

energy source of nuclear plants

Lighter
after fusion

energy source of shining stars

Energy



12C*
(Proton˷ 6, Neutron˷ 6)

ñTriple-alpha reactionò
ü Cluster structure is one of hot 

topics in nuclear physics today!

4He

In massive stars, reactions should proceed further, but..

4He
(Proton˷ 2, Neutron˷ 2)

8Be
(Proton˷ 4, Neutron˷ 4)

Unstable(decaysin ~10-17 sec)

4He

5Li

(Proton˷ 3, Neutron˷ 2)

5He

(Proton˷ 2, Neutron˷ 3)

Unstable(decays in ~10-22 sec)

Neither 5Li nor 5Becan be an alternative

Hoyle predicted an excited state with 3Ŭ

cluster structure near the 3Ŭthreshold!

F. Hoyle (1915-2001)

Fred Hoyle: https://en.wikipedia.org/wiki/Fred_Hoyle

https://en.wikipedia.org/wiki/Fred_Hoyle


Interstellar gas

Protostar

Star

Planetary nebula

White dwarf

The size is like Earth,

but with the solar mass

The Sun will be a WD

after 5 billion years

Red giant

Fusion

stopped

Life cycle of a light star

Picture: https://www.astroarts.co.jp/products/stlnav7/spec/plane_list-j.shtml
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White dwarf

WD & Earth: https://sci.esa.int/web/hubble/-/61348-artist-impression-of-the-sizes-of-sirius-b-and-the-earth

WD: https://www.esa.int/Science_Exploration/Space_Science/Gaia/Gaia_reveals_how_Sun-like_stars_turn_solid_after_their_demise

C, O solid core

He, H

A white dwarf may undergo type Ia supernova explosion:

Binary system Ÿ Accretion Ÿ Chandrasekhar limit (                  ) 

Ÿ Type Ia SN Ÿ Neutron star

Main composition depends on the mass of progenitor:

:  He

:  C, O

:  O, Ne, Mg

Å Mass: similar to the Sunôs

Å Radius: similar to the Earthôs

Å Final stage of 97% of stars

Å Sustained by electronsô degenerate pressure (no fusion)

Å Composed of a ñcrystalò (Coulomb lattice) of nuclei and 

electron plasma (electrons are fully ionized, i.e., unbound)

https://sci.esa.int/web/hubble/-/61348-artist-impression-of-the-sizes-of-sirius-b-and-the-earth
https://www.esa.int/Science_Exploration/Space_Science/Gaia/Gaia_reveals_how_Sun-like_stars_turn_solid_after_their_demise


Red giant

The size is like Earth,

but with the solar mass

The Sun will be a WD

after 5 billion years

Planetary nebula

White dwarf
Interstellar gas

Protostar

Life cycle of a massivestar

Star

Red supergiant

Picture: https://www.astroarts.co.jp/products/stlnav7/spec/plane_list-j.shtml
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He

H

C, O
O, Ne, Mg

Si

Fe

ñOnion structureò

Nuclear reactions:
1H Ÿ 4He Ÿ 12C Ÿ 16O Ÿ 20Ne Ÿ 24Mg Ÿ 28Si Ÿ ... Ÿ 56Fe

The fate of a massive star

The Crab Nebula

Remnant of the SN in 1054

After forming the iron coreé

Ÿ no more fuel

Ÿ gravitational collapse

Ÿ supernova explosion

Picture: https://en.wikipedia.org/wiki/Crab_Nebula



Picture: https://www.astroarts.co.jp/products/stlnav7/spec/plane_list-j.shtml
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Picture: https://www.astroarts.co.jp/products/stlnav7/spec/plane_list-j.shtml

Life cycle of a starThe size is like Earth,

but with the solar mass

The Sun will be a WD

after 5 billion years
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Neutron star

An ultra-heavy,super-N-rich¬nucleusº
Ҧ Paradise for nuclear physicists! :D
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Whatôs inside a neutron star?



Uniform nuclear matter:
n, p, e-Σ ˃-

Inner crust Nuclei, electrons,

ñdrippedò neutrons

0.5-0.8km ȍdrip Ò ȍÒ 0.6ȍ0

Neutron star is a great playground for nuclear physicists

Quark matter?

Hyperons? 

Meson condensates? Outer/inner c ore

9-12km 0.6ȍ0 <ȍÒ 3-5ȍ0

Outer crust Nuclei (Z=26-42), electrons

0.3-0.6km ȍ< ȍdrip

ȍdrip~ 0.0014ȍ0 ;  Above ȍdrip unbound neutrons exist outside nuclei

ȍ0=2.8x1014 g/cm 3=0.16 fm -3 ;  Nuclear saturation density

Outer crust

Inner crust

Ocean
Hot plasma

~ 0.1 km

Ocean

Structure of a neutron star

Fri., July 1, 2022Lecture 6:  from nuclear force, through EoS, to neutron starsK. Sekizawa

V It offers extreme situations which can not be realized in terrestrial experiments



In an outer (low-density) region of neutron stars, 

nuclear matter is notactually homogeneous

The nuclear interaction ñclusterizeò neutrons and protons, 

akin to finite nuclei, which form a Coulomb lattice

(i.e. a crystal, like a solid)

Letôs see:  from the outer crust to the inner crust



Outer crust

Fri., July 1, 2022Lecture 6:  from nuclear force, through EoS, to neutron starsK. Sekizawa

Structure of the outer crust is ñsimilarò to that of a white dwarf

Surface

Inner crust

*but, nuclei are different and become neutron-rich!*

V Coulomb lattice of nuclei 

+ Electron gas

Composition of the outer crust:

Figure: R.N. Wolf et al., Phys. Rev. Lett. 110, 041101 (2013)

Neutron star: https://www.skyatnightmagazine.com/space-science/neutron-star/

Note:

In the figure showing nuclides composition, 

the bold font indicates known-mass nuclei.

Yellow region:

Orange region:

Atomic nucleus

Electron gas

neutron-rich

https://www.skyatnightmagazine.com/space-science/neutron-star/


Figure: J.W. Negeleand D. Vautherin, Nucl. Phys. A207, 298 (1978)

Neutron star: https://www.skyatnightmagazine.com/space-science/neutron-star/

Neutron-rich nucleus

Electron gas

Dripped neutrons

Inner crust

Fri., July 1, 2022Lecture 6:  from nuclear force, through EoS, to neutron starsK. Sekizawa

In the inner crust, a sea of ñdripped neutronsò permeates the Coulomb lattice

Outer core

Outer crustV Distance between nuclei decreases with increasing density

https://www.skyatnightmagazine.com/space-science/neutron-star/


What determines the composition of a neutron star?

ɓ-equilibrium & charge-neutrality conditions 

are the key elements



Recall: ɓ decays (cf. Lecture 1)

K. Sekizawa

decay:

decay:

*X and Ystand for arbitrary symbols of elements.

40 39 3841424344

Neutron number

ñɓstableò

Ge isotope

Mass parabola of ñodd-Aò nuclei

(N, Z) = (even, odd) or (odd, even)

ɓdecay occurs to gain energy by converting nᵾ p
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(N-1, Z+1)

A=const. (i.e. Isobars)

or electron capture
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Recall: ɓ decays (cf. Lecture 1)

K. Sekizawa

decay:

decay:

*X and Ystand for arbitrary symbols of elements.

40 39 3841424344

Neutron number

ñɓstableò

Ge isotope

Mass parabola of ñodd-Aò nuclei

(N, Z) = (even, odd) or (odd, even)

ɓdecay occurs to gain energy by converting nᵾ p

Naively thinking only about energy levels, 

ɓdecay occurs to reduce difference of 

Fermi energies (i.e. chemical potentials).

Shifted upward due to 

Coulomb potential

Fri., July 1, 2022Lecture 6:  from nuclear force, through EoS, to neutron stars



*Here we neglect interaction effects*

ɓ-equilibrium and charge-neutrality conditions

K. Sekizawa

Chemical potential

V It grows with density

üIn ñpure neutron matterò (PNM)..

Fri., July 1, 2022Lecture 6:  from nuclear force, through EoS, to neutron stars



*Here we neglect interaction effects*

ɓ-equilibrium and charge-neutrality conditions

K. Sekizawa

Chemical potential

V It grows with density

ü PNM ɓ-decays to ñsymmetric nuclear matterò (SNM)?
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*Here we neglect interaction effects*

ɓ-equilibrium and charge-neutrality conditions

K. Sekizawa

In an infinite system, 

Coulomb energy diverges!

!?

Chemical potential

V It grows with density

ü PNM ɓ-decays to ñsymmetric nuclear matterò (SNM)?

Fri., July 1, 2022Lecture 6:  from nuclear force, through EoS, to neutron stars



K. Sekizawa

We have to think about a uniform gas of 

background electrons as well!

The charge neutrality condition

Chemical potential

*Here we neglect interaction effects*

ɓ-equilibrium and charge-neutrality conditions

V It grows with density

ü NS matter is in the ɓequilibrium

Fri., July 1, 2022Lecture 6:  from nuclear force, through EoS, to neutron stars

ñɓequilibriumò



K. Sekizawa

We have to think about a uniform gas of 

background electrons as well!

The charge neutrality condition

Chemical potential

*Here we neglect interaction effects*

Electrons, relativistic

Electrons, non-rel.

Protons, rel. & non-rel.

does not hold!

ɓ-equilibrium and charge-neutrality conditions

V It grows with density

CAUTION (1)!

Relativistic effects can not

be neglected for electrons!

ü NS matter is in the ɓequilibrium

Fri., July 1, 2022Lecture 6:  from nuclear force, through EoS, to neutron stars

ñɓequilibriumò



Fri., July 1, 2022Lecture 6:  from nuclear force, through EoS, to neutron starsK. Sekizawa

We have to think about a uniform gas of 

background electrons as well!

The charge neutrality condition

Chemical potential

CAUTION (1)!

Relativistic effects can not

be neglected for electrons!

ɓ-equilibrium and charge-neutrality conditions

When ɛe exceeds the rest mass of a muon, 

electrons are converted into muons!

CAUTION (2)!

V It grows with density

ñɓequilibriumò

Charge neutrality reads:

*Here we neglect interaction effects*

ü NS matter is in the ɓequilibrium



There is a debatable problem:

ñHyperon puzzleò



*Here we neglect interaction effects*

Fri., July 1, 2022Lecture 6:  from nuclear force, through EoS, to neutron starsK. Sekizawa

Chemical potential

Comment on the ñhyperon puzzleò

ñɓequilibriumò

Hmm.. What if we go further in density..??

Charge neutrality reads:

ü Neutron-star matter is in the ɓequilibrium



*Here we neglect interaction effects*
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Chemical potential

Comment on the ñhyperon puzzleò

ñɓequilibriumò

Hmm.. What if we go further in density..??

Charge neutrality reads:

ü Neutron-star matter is in the ɓequilibrium



(uds)
*Here we neglect interaction effects*
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Chemical potential

Comment on the ñhyperon puzzleò

ñɓequilibriumò

Hmm.. What if we go further in density..??

Charge neutrality reads:

ü Neutron-star matter is in the ɓequilibrium



Various hyperons should exist in the core of neutron stars

M. Bhuyanet al., Int. J. Mod. Phys. E 26, 1750052 (2017)



D. Lonardoniet al., Phys. Rev. Lett. 114, 092301 (2015)

Various hyperons should exist in the core of neutron stars

Appearance of new particles 

results in ñsofteningò of EoS

With hyperons, it becomes 

difficult to sustain 2MᵘNS!

M. Bhuyanet al., Int. J. Mod. Phys. E 26, 1750052 (2017)



D. Lonardoniet al., Phys. Rev. Lett. 114, 092301 (2015)

Various hyperons should exist in the core of neutron stars

Appearance of new particles 

results in ñsofteningò of EoS

Unknown YNN and YYY forces (e.g. 

repulsive3-body forces) may explain it

Ÿ Lectures by prof. Fujioka

With hyperons, it becomes 

difficult to sustain 2MᵘNS!

M. Bhuyanet al., Int. J. Mod. Phys. E 26, 1750052 (2017)



How can we understand NS structure from nucleons?

from nuclear force to neutron stars



Equation of state (EoS) of nuclear matter

Density

PNM: Pure Neutron Matter (n-only)

SNM: Symmetric Nuclear Matter (N= Z)

ü EoScharacterizes the nuclear matter properties

Nuclear saturation density:Incompressibility:

Slope of the symmetry energy:

Saturation energy:

ᵾ short-range attraction

ᵾ short-range attraction & repulsive core

Symmetry energy:

ᵾ np > nn, pp & Pauli blocking

ᵾ short-range attraction & repulsive core
cf. Frontiers in Physics Vol. 21, Understanding the World of Supernova Explosion from Atomic Nuclei(ᾖ◓ᶋΤϣ ϙᵔΨ χ ᵦ), K. Sumiyoshi (Kyoritsu printing Co., Ltd.)

V From low-energy nuclear experiments, one may extract information in the vicinity of the saturation density

E.g.) ISGMR: U. Gragand G. Colò, PPNP101(2018)55;  Electric dipole (E1) polarizability Ÿ skin thickness:  A. Tamii et al., EPJA50(2014)28

ᵾ KA
ᵾ Esym. & L

K
L
expansion
(same as LDM; cf. the PPNP):

K. Sekizawa Fri., July 1, 2022Lecture 6:  from nuclear force, through EoS, to neutron stars



From EoSto neutron stars

ü An EoSdefines aMass-Radius relation of neutron stars

Equilibrium condition:

Gravitational force (inward) + Pressure (outward) = 0

defines the NS radius

Figure:  P.B. Demorest et al., Nature 467, 1081 (2010)

Mass-radius relation

R (km)

Å Tolman-Oppenheimer-Volkoff (TOV) equation:

where
: Integrated mass within radius r

correction from General Relativity (GR)

K. Sekizawa

Å Equation of state, E(n)

�WA relation between pressure and density:

Fri., July 1, 2022Lecture 6:  from nuclear force, through EoS, to neutron stars


