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Purpose of todayôs lecture

ÁTo introduce the TDHF theory and discuss its relevance with TDDFT .

ÁTo explain the Linear-response theory, deriving RPA from TDHF .

ü To understand how we can describe complex nuclear reaction dynamics 

microscopically from nucleonic degrees of freedom.

ÁTo show selected examples of applications of TDDFT for nuclear reactions 

and demonstrate its usefulness.



The TDHF theory

Douglas Rayner Hartree: https://www.hartree.stfc.ac.uk/Pages/Douglas-Rayner-Hartree.aspx

Vladimir AleksandrovichFock: https://mathshistory.st-andrews.ac.uk/Biographies/Fock/

Paul AdreanMaurice Dirac: https://en.wikipedia.org/wiki/Paul_Dirac

D.R. Hartree(1897-1958) V.A. Fock(1898-1974) P.A.M. Dirac (1902-1984)

in 1933

The TDHF theory was first 

proposed by Dirac in 1930:

P.A.M. Dirac, Proc. Cambridge 

Philos. Soc. 26, 376 (1930).

https://www.hartree.stfc.ac.uk/Pages/Douglas-Rayner-Hartree.aspx
https://mathshistory.st-andrews.ac.uk/Biographies/Fock/
https://en.wikipedia.org/wiki/Paul_Dirac
https://doi.org/10.1017/S0305004100016108


Point!

K. Sekizawa

Recall:The Hartree-Fock theory (cf. Lecture 2)
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V The Schrödinger equation can be derived from an unrestricted variation:

ü In the HF theory, the many-body wave function Ɋ 

is approximatedby a single Slater determinant.

is a single-particle orbital

(or wave function) of a nucleon.

Ortho-normal condition:

thus there holds:

*We will neglect spin & isospin degrees of freedom.

Summation over all possible permutations of ɝ1éɝN, e.g.:

123...N, 132...N, 213..N, ... (i.e. for N! patterns)

(-1)M where M is the number of replacements which is necessary 

to realize the sequence ɝ1éɝN, from the ascending order, 12...N.



K. Sekizawa

Time-Dependent Hartree-Fock (TDHF) theory

V The time-dependent Schrödinger equation can be derived from an unrestricted variation:

*We will neglect spin & isospin degrees of freedom.

Energy conservation

where was assumed; and
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Norm conservation



K. Sekizawa

Time-Dependent Hartree-Fock (TDHF) theory

V The time-dependent Schrödinger equation can be derived from an unrestricted variation:

Point! ü In the TDHF theory, the many-body wave function                

Ɋ is approximatedby a single Slater determinant for all times

*We will neglect spin & isospin degrees of freedom.

Recall: N! terms contribute equally This operator acts on all s.p.wave functions on its right

Here it acts only on the neighbor

Only the case, i.e., is non-vanishing.

The same as for the one-body operator

Time-derivative term (Others are the same as the static HF case)

where was assumed; and
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K. Sekizawa

Time-Dependent Hartree-Fock (TDHF) theory

V The time-dependent Schrödinger equation can be derived from an unrestricted variation:

*We will neglect spin & isospin degrees of freedom.

where was assumed; and

Norm conservation

Energy conservation V The Pauli exclusion principle is automatically ensured for all times.

V Total energy is conservedfor all times.
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HF approximation

: The TDHF equation



TDDFT in a tiny nutshell

DFT



A theory which gives us access to the exactsolution

Kohn-Shamequation

Equivalent!

(for a special EDF)

This is the key!
EDF

w.f. is a functional of density

P. Hohenberg and W. Kohn, Phys. Rev. B 136, 864 (1964)

Recall:What is DFT? (cf. Lecture 2)

K. Sekizawa

Energy can also be written as a functional of density
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What is TDDFT?

E. Runge and E.K.U. Gross, Phys. Rev. Lett. 52, 997 (1984); R. van Leeuwen, Phys. Rev. Lett. 82, 3863 (1999).

Timet

TDKS eq. in TDDFT

K. Sekizawa

TDDFT is a time-dependent extension of DFT

t 0
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TDSE for an N-body system

for all time



TDDFT in a tiny nutshell -Runge-Grosstheorem

K. Sekizawa

*One can obtain equations for higher-order derivatives in the same manner

(a)˵ (b) ʾʾʾ (̒)

E. Runge and E.K.U. Gross, Phys. Rev. Lett. 52, 997 (1984)

As in the case of static DFT, we have a TDKS scheme

according to the following one-to-one correspondences:

*Taking divergence of Eq.(̒ ) and using the continuity equation, one can obtain equations for the density.

TDSE RG

The rate of change of the current density reads:

ʾʾʾ (a)

ʾʾʾ (b)
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One-body density: One-body current density: TDSEs:



Phys. Rev. Lett. 116, 122504 (2016)

A. Bulgac, P. Magierski, K.J. Roche, and I. Stetcu

Induced fission of 240Pu

TDDFT is a versatile tool!!

Low-energy heavy-ion reactions

Phys. Rev. Lett. 119, 042501(2017)

P. Magierski, K.S., and G. Wlazğowski

Time

IVGDR

Phys. Rev. C 84, 051309(R) (2011)

I. Stetcu, A. Bulgac, P. Magierski, and K.J. Roche

Phys. Rev. Lett. 117, 232701 (2016)

G. Wlazğowski, K.S., P. Magierski, A. Bulgac, and M.M. Forbes

Vortex-nucleus dynamics

K. Sekizawa

TDDFT in Nuclear Physics
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RPA can be derived as a small amplitude limit of 

the TDHF theory

ñLinear Response Theoryò



Because of its structure, it works as a projection operator:

One-body density matrix is defined by:

: Slater determinant

Note:  Properties of the one-body density matrix in the HF basis

K. Sekizawa

Defining                      , we also have

particle-particle

hole-particle

particle-hole

hole-hole

is ñidempotentò ( )
ϓΦρΞ
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We assume that the system is described by a single Slater determinant for all times:

Linear Response Theory:  from TDHF to RPA

K. Sekizawa

Letôs introduce a time-dependent perturbation to the system,

TDHF eq. (in a matrix form)

which induces a small-amplitude density oscillationaround the equilibrium density ɟ0:

V hhand pp

components of 

ŭɟare zero

Neglect

The density should oscillate with the same frequency as the perturbation, i.e.:

Preparation
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Linear Response Theory:  from TDHF to RPA

K. Sekizawa

Now, we linearize the TDHF equation as follows:

: HF condition Neglect (Both F and ŭɟ

areassumed to be small)

For particle-hole components (with index ñmiò) with exp[-iɤt], one finds:
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Note: In the HF basis h is diagonal



Linear Response Theory:  from TDHF to RPA

K. Sekizawa

Now, we linearize the TDHF equation as follows:

: HF condition Neglect (Both F and ŭɟ

areassumed to be small)
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In summary, for the particle-hole (ñmiò) componentswith exp[-iɤt], we have:

In the same way, one can derive for the hole-particle (ñimò) componentswith exp[-iɤt]:

Regarding it coincides with the RPA equation!



With TDDFT, we can go well beyond RPA

Low-energy heavy-ion reactions



How to describe heavy-ion reactions

K. Sekizawa

KS (or HF) equations

1. Prepare ground states of projectile and target nuclei

Once an EDF is given, there are no empirical parameters
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3. Give relative momentum, and let them collide

TDKS (or TDHF) equations

How to describe heavy-ion reactions

K. Sekizawa

KS (or HF) equations

1. Prepare ground states of projectile and target nuclei

2. Put them into a larger box

Once an EDF is given, there are no empirical parameters
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Complex
Quantum Mechanical

Processes

TDDFT

Distribution of

reaction outcomes

by Physics Fun @PhysicsVideo_ on Twitter



1. Multinucleon transfer reactions



TDDFT predicts two distinct transfer mechanisms

b=4 fmb=1.6 fm

Neck formation/breaking Fast charge equilibration

58Ni+208Pb at Elab=328.4 MeV K.S. and K. Yabana, PRC88(2013)014614



Average number of transferred nucleons vs.impact parameter

b (fm)

ǧ
N

Neutrons

Protons

There appear two transfer mechanisms

K. Sekizawa

TDDFT results:   58Ni+208Pb (Elab=328.4 MeV) K.S. and K. Yabana, PRC88(2013)014614
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b (fm)

ǧ
N

◓

◓

K. Sekizawa

TDDFT results:   58Ni+208Pb (Elab=328.4 MeV)

Average number of transferred nucleons vs.impact parameter

There appear two transfer mechanisms

K.S. and K. Yabana, PRC88(2013)014614
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b (fm)

ǧ
N

◓

◓

Charge equilibration process

Pb Ni

Transfer towards opposite directions

n

p

K. Sekizawa

TDDFT results:   58Ni+208Pb (Elab=328.4 MeV)

Average number of transferred nucleons vs.impact parameter

There appear two transfer mechanisms

K.S. and K. Yabana, PRC88(2013)014614
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b (fm)

ǧ
N

◓

◓

K. Sekizawa

TDDFT results:   58Ni+208Pb (Elab=328.4 MeV)

Average number of transferred nucleons vs.impact parameter

There appear two transfer mechanisms

K.S. and K. Yabana, PRC88(2013)014614
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b (fm)

ǧ
N

◓

◓

Neck formation/breaking

Transfer towards the same direction

K. Sekizawa

TDDFT results:   58Ni+208Pb (Elab=328.4 MeV)

Average number of transferred nucleons vs.impact parameter

There appear two transfer mechanisms

K.S. and K. Yabana, PRC88(2013)014614
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b (fm)

ǧ
N

◓

◓

n
p

Neck formation/breaking

Transfer towards the same direction

K. Sekizawa

TDDFT results:   58Ni+208Pb (Elab=328.4 MeV)

Average number of transferred nucleons vs.impact parameter

There appear two transfer mechanisms

K.S. and K. Yabana, PRC88(2013)014614
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Impact parameter LargeSmall

n
p

Neck formation/breaking

Transfer towards the same direction

Charge equilibration process

Pb Ni

Transfer towards opposite directions

n

p

K. Sekizawa

TDDFT results:   58Ni+208Pb (Elab=328.4 MeV)

Average number of transferred nucleons vs.impact parameter

There appear two transfer mechanisms

K.S. and K. Yabana, PRC88(2013)014614
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Particle-number projection method

K. Sekizawa

TDDFT results:   58Ni+208Pb (Elab=328.4 MeV)

:  Particle-number projection operator

V

K.S. and K. Yabana, PRC88(2013)014614
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b (fm) b (fm)

Neutrons Protons

P
n

V

K. Sekizawa

TDDFT results:   58Ni+208Pb (Elab=328.4 MeV)

Particle-number projection method

:  Particle-number projection operator

K.S. and K. Yabana, PRC88(2013)014614
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Neutron number

Expt.:L. Corradi et al., PRC66(2002)024606

K. Sekizawa

TDDFT results:   58Ni+208Pb (Elab=328.4 MeV)
ů

(m
b
)

Expt.

TDDFT pre-evap.

TDDFT post-evap.

Transfer cross sections:  TDDFT vs.Expt.

Comparable to measurements, disagreements for many-nucleon transfer

(TDDFT+GEMINI: K.S., PRC96(2017)014615)

K.S. and K. Yabana, PRC88(2013)014614

(0p; Ni)(-1p; Co)(-2p; Fe)(-3p; Mn)(-4p; Cr)(-5p; V)(-6p; Ti)
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2. Quasifission processes



CN

Fusion Quasifission

Quasifission process

A fast (~10-21-10-20 sec) fission process before compound nucleus formation (fusion)

Capture

Towards synthesis of superheavy nuclei
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CN

Fusion Quasifission

Quasifission process

A fast (~10-21-10-20 sec) fission process before compound nucleus formation (fusion)

Capture

Towards synthesis of superheavy nuclei

K. Sekizawa

V QF is the predominant 

process that hinders 

SHE synthesis
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Quasifission dynamics in TDDFT

64Ni+238U at Elab=390 MeV

Shell effects of 208Pb More mass-symmetric

Tip collision Side collision

24 Neutrons

12 Protons
32 Neutrons

18 Protons

K.S. and K. Yabana, PRC93(2016)054616
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64Ni+238U at Elab=390 MeV

T
K

E
 (

M
e

V
)

A

TKE-A distribution:  Comparison with experimental data

Expt.:E.M. Kozulin et al., PLB686(2010)227

TDDFT Experiment

TDDFT provides quantitative description of quasifission dynamics

K.S. and K. Yabana, PRC93(2016)054616
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3. Synthesis of superheavy elements

Ҧ also relevant tochemistry

At the frontiers in nuclear physics:



Nucleosynthesis at accelerator facilities

RI Beam Factory (RIBF) @RIKEN

Collide! Fusion!

Superconducting Ring Cyclotron (SRC)

The world-leading factory 
of unstable nuclei!



The Periodic Table

The periodic table is growing!

Nh Mc Ts Og

113:  Nh  (Nihonium)

115:  Ms (Moscovium)

117:  Ts  (Tennessine)

118:  Og (Oganesson)

November 2016

Four new elements were added,

completing the seventh row!!

Synthesis of ñsuperheavy elementò is the most challenging subject in nuclear physics



Nihonium is the only one 

discovered by Asian country:

The element 113

Nov. 30, 2016:  Name confirmed

June 8, 2016:  Name announced

Dec. 31, 2015:  Naming rights given



2019 was the 150thanniversary of

the Periodic Table!

Dec. 5, 2019@Tokyo Prince Hotel





fission fission

The 3rd event!The 1st event! The 2nd event!

Sep. 2003

expt. started

Both Db and Lr decayed 

via an alpha emission

Ÿ consistent with known fact1/3 Ÿ fission

2/3 Ÿ Ŭ-decay

~100 days irradiation ~360 days irradiation~100 days irradiation

~ 2.4˷ 1012

nuclei per second

Collide! Fusion!Bismuth Zinc

Atomic No. 30Atomic No. 83 Atomic No. 113

Nihonium

A long way to synthesize 

Nihonium

July 23, 2004 April 2, 2005 Aug. 12, 2012

Not confident enough as 

BhŸ Db Ŭ-decay was 

measured only once in 

the past



The north-east part of the nuclear map

Yuri Oganessian, Pure Appl. Chem. 78, 889 (2006)

Neutron number

P
ro

to
n

 n
u

m
b

e
r

Half-lives

*108 sec ~ 3 years



Cold fusion
Hot fusion

Neutron capture

We do need theoretical predictions!

Z = 119, 120, ...

Light-ion induced

The north-east part of the nuclear map



The next is: 119 or120

51V+248Cm Ÿ 119?

TDDFT simulation for SHE synthesis

on a supercomputer

Collaborative works are in progress with Kyoto U., Kindai U., and Kyushu U.

cf. K.S. and K. Hagino, Phys. Rev. C 99, 051602(R) (2019)



Summary



Neutron number

P
ro

to
n

 n
u

m
b

e
r

N, Z

Remarks on TDDFT (or TDHF, TDEDF)

K. Sekizawa

V There is no adjustable parameter on reaction dynamics

: TDKS eq.

Effective interaction

Energy Density Functional (EDF)

Parameters in an EDF are determined to reproduce known nuclear properties
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Summary of Lecture 5

Takeaway message

e.g. TDDFT+Langevin

Further extensions

Providing input information for 

other theoretical approaches

Fluctuations/correlations

Width of mass, charge distributions,

correlation between n/p transfers,

...

SMF and TDRPA

V TDDFT can properly describe the main reaction outcomes in low-energy 

heavy-ion reactions, and may be further improved with extended techniques

TDDFT

Main reaction outcomes

Average number of nucleons,

TKE, scattering angles,

contact times, ...
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