
Lecture 4

Kazuyuki Sekizawa

Advanced Nuclear Physics（原子核物理学発展, PHY.F437）
2nd Quarter, at 10:45-12:25 on Tue. & Fri., 2022

#4: June 24 (Fri), 2022

Department of Physics, School of Science

Tokyo Institute of Technology

Microscopic Mean-Field Approaches for Collective Excitations
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Purpose of today’s lecture

▪ To introduce the essence of “collective excitations” of atomic nuclei.

▪ To explain what are TDA and RPA and clarify difference between them.

*TDA: Tamm-Dancoff Approximation*

* RPA: Random Phase Approximation*

➢ To understand how collective excitations are described within 

microscopic mean-field approaches.



The shell model could successfully explain 

the magic numbers, 2, 8, 20, 28, 50, 82, 126.

It also works well to explain excitation spectra!
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Shell model interpretation of energy spectra
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Observed low-energy spectra for 208Pb (doubly magic) ±1p or ±1n systems

Fig. 6.5 in “Shapes and Shells in Nuclear Structure” by S.G. Nilsson and I. Ragnarsson (Cambridge University Press, 1995)

➢ Spin-parity of low-lying excited states can nicely be explained by the shell model



However, there are excited states which cannot be explained 

by pure singe-particle excitations in the shell model picture

“Collective excitations”



Naively, energy for a 1p-1h excitation would be 

as large as the shell gap, ~10 MeV..

Data were taken from NNDC website: https://www.nndc.bnl.gov/nudat3/
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Failure of a naive single-particle interpretation
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Single-particle energies of 16O 

in a Skyrme HF calculation

There are excited states with 

smaller excitation energies

https://www.nndc.bnl.gov/nudat3/
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Single-particle energies of 16O 

in a Skyrme HF calculation

Data were taken from NNDC website: https://www.nndc.bnl.gov/nudat3/

There are excited states with 

smaller excitation energies

Failure of a naive single-particle interpretation

Naively, energy for a 1p-1h excitation would be 

as large as the shell gap, ~10 MeV..

Photo-absorption

cross section

Strong resonances at E*>22 MeV

What’s the origin? 

“Giant Resonance”

https://www.nndc.bnl.gov/nudat3/


Let’s develop a theory for excited states 

on top of the HF theory

Tamm-Dancoff Approximation (TDA)

Igor Yevgenyevich Tamm: https://en.wikipedia.org/wiki/Igor_Tamm

Sidney Dancoff: https://www.facebook.com/JeffersonLab/photos/a.495853781422/10157977881901423/?type=3

I.Y. Tamm (1895-1971)

in 1958

S. Dancoff (1913-1951)

❑ Tamm received the Nobel prize in physics in 1958

for finding and interpreting the Cherenkov effect.

❑ Dancoff was “nearly” getting the Nobel prize in

physics in 1965 for formulating the QED, but there

was one or two errors in his work. (Tomonaga

corrected the error and found that the Dancoff’s

method works. - info from Wikipedia)

Both are great physicists!

https://en.wikipedia.org/wiki/Igor_Tamm
https://www.facebook.com/JeffersonLab/photos/a.495853781422/10157977881901423/?type=3
https://en.wikipedia.org/wiki/Sidney_Dancoff
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Hartree-Fock theory in second quantization
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✓ Hamiltonian: ✓ The HF state:

✓ Energy expectation value:

Slater determinant

Occupied states: i, j

(“hole states”)

Unoccupied states: m, n

(“particle states”)

Continuum

states

In this lecture, we use a convention for the indices:

➢ The variational equation is given by

Show that the above equation leads

...

Assignment 2

★

✓ Diagonalization of h ensures 

hph = hhp = 0, i.e., [h, ρ] = 0.

“★” means:

Density matrix:



We shall determine the coefficients through the variational principle:

where

*Since we are interested in excitation energies, here the HF energy is subtracted from the Hamiltonian.

Constraint on the normalization

K. Sekizawa

Tamm-Dancoff Approximation
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➢ In Tamm-Dancoff Approximation (TDA), we seek for solutions of excited states 

which are approximated by a superposition of 1p-1h excitations:

✓ The ground state: HF ✓ This state is orthogonal to the HF state:

*No correlations are added to the ground state in TDA

Point!



Our strategy: To determine the coefficients based on the variational principle:

K. Sekizawa

Tamm-Dancoff Approximation

We can rewrite the above equation as follows:

Now, our tasks are:

1. To calculate the commutation relation,                .

2. To calculate the expectation value,                                       .

Fri., June 24, 2022Lecture 4: Theories for collective excitations - TDA and RPA

Just do it!

The result of variation...



Interaction (two-body) term
Two-body interaction:

Kinetic (one-body) term
Kinetic energy operator:
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Calculation of

The result of variation:
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← 4 operators

← 2 operators

← 6 operators

← 4 operators



The result of variation:

Interaction (two-body) term

Kinetic (one-body) term
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Calculation of
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The result of variation:

In the same manner, you can derive:

*NOTE: In the HF basis, h is diagonal!

Tamm-Dancoff equation



To understand the meaning of  the TDA equation,

let’s assume a separable form of the interaction matrix elements, i.e.:

which is known as a “schematic model”
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Schematic model for TDA - Eigenvalue equation
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Use of a separable interaction is useful to understand “collective states” in TDA

Namely, we obtain an eigenvalue equation for the excitation energies      :

The TDA equation:

:  separable interaction

(One-body) transition operator:
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Schematic model for TDA - Graphical solutions
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✓ R.H.S. of the equation is plotted as a function of the excitation energy.

✓ Horizontal lines represent the L.H.S. of the equation, i.e. 1/λ.

✓ Intersections are the solutions of the TDA equation.

A collective state emerges

at low excitation energy

for λ < 0.

A collective state emerges

at high excitation energy

for λ > 0.

ph excitation energy:

➢ Energy of a “collective state” is pushed up (down) for λ>0 (λ<0)!

～ ～



A collective state emerges

at low excitation energy

for λ < 0.

A collective state emerges

at high excitation energy

for λ > 0.
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Schematic model for TDA - Graphical solutions
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✓ R.H.S. of the equation is plotted as a function of the excitation energy.

✓ Horizontal lines represent the L.H.S. of the equation, i.e. 1/λ.

✓ Intersections are the solutions of the TDA equation.
ph excitation energy:

❑ For a degenerated case:

➢ Energy of a “collective state” is pushed up (down) for λ>0 (λ<0)!

✓ The interaction between a particle and a hole 

contributes coherently to push up/down Ecoll

through the diagonal matrix elements.



For the degenerated case, there are no transitions to non-collective states: 

In such a case, collective excitations are dramatically enhanced!
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Schematic model for TDA - Graphical solutions
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✓ R.H.S. of the equation is plotted as a function of the excitation energy.

✓ Horizontal lines represent the L.H.S. of the equation, i.e. 1/λ.

✓ Intersections are the solutions of the TDA equation.

❑ For a degenerated case:

➢ Energy of a “collective state” is pushed up (down) for λ>0 (λ<0)!

✓ The interaction between a particle and a hole 

contributes coherently to push up/down Ecoll

through the diagonal matrix elements.

For the degenerated case with               ,

the transition probability to the collective state is given by

This exhausts 100% of the sum rule!



We can further improve the theory by incorporating 

“ground-state correlations” into the formalism

Random Phase Approximation (RPA)



2. Optimize the operators through the variational principle:
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From TDA to RPA:  the EoM method for TDA
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Another derivation of TDA:  Equation-of-motion method

1. Define creation/annihilation operators for the collective states:

Taking the HF state as a phonon vacuum and the creation operator to be

one can derive the TDA equation:
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From TDA to RPA:  the EoM method for RPA
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Phonon creation operator in RPA: Phonon vacuum:

*Not the HF state!

The Random Phase Approximation (RPA)

✓ The variations with respect to         and         lead, respectively:

annihilation of a particle state

→ creation of a particle state

∝ # of particles in the RPA state

creation of a hole state

→ annihilation of a hole state

∝ # of holes in the RPA state

➢ Here, we introduce the so-called “Quasi-Boson Approximation”:

ph creation operators act as if they obey 

the bosonic commutation relation



where

RPA equations

➢ With the QBA, one can derive the RPA equations:
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From TDA to RPA:  the EoM method for RPA
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✓ The variations with respect to         and         lead, respectively:

The Random Phase Approximation (RPA)

Often, a matrix notation is used:

The same as L.H.S. of the TDA equation!

Phonon creation operator in RPA: Phonon vacuum:

*Not the HF state!

*The RPA equations can be derived as a small amplitude limit of TDHF

→ Lecture 5



ph excitation energy:
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Schematic model for RPA - Graphical solutions
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✓ R.H.S. of the equation is plotted as a function of the excitation energy.

✓ Horizontal lines represent the L.H.S. of the equation, i.e. 1/λ.

✓ Intersections are the solutions of the RPA equation.

A collective state emerges at

low excitation energy for λ < 0.

Similar to TDA, one can analyze RPA with a separable interaction

～～～～

For a strongly attractive residual interaction, 1/λ<1/λc,

there is no collective-state solution as Eν becomes imaginary. → Instability of the HF state



Summary



Summary of Lecture 3
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Takeaway messages

✓ In TDA, the ground state is kept to be the HF state, while excited 

states is described as a superposition of 1p-1h excitations. 

Especially, what we call a “collective state” is originated from a 

coherent superposition of 1p-1h excitations.

✓ In RPA, also known as a “new TDA”, ground-state correlations are 

taken into account by adding “backward amplitude” in the collective 

state creation operator.

✓ In atomic nuclei, various collective excitation modes present:

surface vibrations, isosclar resonance (in-phase oscillations of n, p densities; 

e.g. IS-monopole is called a breathing mode), isovector resonance (out-of-

phase oscillations of n, p densities; e.g. IV-dipole in photo-absorption cross 

sections), Gamov-Teller resonance, as well as rotational excitations
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Assignment 2: Hartree-Fock theory in second quantization
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✓ Hamiltonian: ✓ The HF state:

✓ Energy expectation value:

➢ The variational equation is given by

Show that the above equation leads

Slater determinant

...

Assignment 2

“★” means:

★

Density matrix: ✓ Diagonalization of h ensures 

hph = hhp = 0, i.e., [h, ρ] = 0.

Format: A4, no page limit

Language: English

Submit until: July 1 (Fri) 23:59

*Both PC and handwriting will be accepted. 

In the latter case, submit a pdf file of 

scanned papers.



✓ “Nuclei” is the plural form of “nucleus” (原子核).

✓ “Nucleon” (核子) is used to collectively refer to “neutron” (中性子) and/or “proton” (陽子).

✓ “N” is often used to express the neutron number of a nucleus.

✓ “Z” is often used to express the proton number [= atomic number (原子番号)] of a nucleus.

✓ “A” is often used to express the mass number [= N + Z (質量数)] of a nucleus.

✓ “Isotopes” (同位体) refer to nuclei with the same Z, but with different N.

✓ “Isotones” (同調体, 同中性子体) refer to nuclei with the same N, but with different Z.

✓ “Isobars” (同重体) refer to nuclei with the same A.

✓ “Nuclide” (核種) is used to express a nucleus specified by each set of N and Z.

✓ Symbol of a nuclide:           , where “X” is the symbol of the corresponding element:      

e.g. an α particle (Z=2, N=2) can be expressed as          . Z & N are often omitted.

✓ By “microscopic,” I mean “quantum mechanically from nucleonic degrees of freedom.”

✓ “DFT” is an acronym of “Density Functional Theory” (密度汎関数法).

✓ “EDF” is an acronym of “Energy Density Functional” (エネルギー密度汎関数).

✓ “HF” is an acronym of “Hartree-Fock”.

✓ “BCS” is an acronym of “Bardeen-Cooper-Schrieffer”.

✓ “HFB” is an acronym of “Hartree-Fock-Bogoliubov”.

✓ “TDA” is an acronym of “Tamm-Dancoff Approximation”.

✓ “RPA” is an acronym of “Random Phase Approximation”.

continued to the next page..

Jargons that might be used in the lecture (for your reference, just in case)



Jargons that might be used in the lecture (for your reference, just in case)

✓ “WD” is an acronym of “White Dwarf” (白色矮星).

✓ “NS” is an acronym of “Neutron Star” (中性子星).

✓ “BH” is an acronym of “Black Hole” (ブラックホール).

✓ “GW” is an acronym of “Gravitational Wave” (重力波).

✓ “SN” is an acronym of “Supernova” (超新星爆発) [Plural: SNe (Supernovae)].

✓ “EoS” is an acronym of “Equation of State” (状態方程式).

✓ “PNM” is an acronym of “Pure Neutron Matter”, an infinite system without protons.

✓ “SNM” is an acronym of “Symmetric Nuclear Matter”, an infinite system with N=Z.

✓ “QPO” is an acronym of “Quasi-Periodic Oscillation” (準周期振動).

✓ “Outer crust” (外殻) is an outer layer of a neutron star, where a Coulomb lattice of nuclei 

coexists with relativistic electron gas (no dripped neutrons).

✓ “Inner crust” (内殻) is an outer layer of a neutron star, next to the outer crust, where a sea 

of dripped neutrons permeates a Coulomb lattice of neutron-rich nuclei which coexist with 

relativistic electron gas.

✓ “Outer core” (外核) is an outer part of a neutron-star core, where uniform, β-equilibrium

npeμ nuclear matter exists.

✓ “Inner core” (内核) is an inner part of a neutron-star core, where exotic phases may emerge 

(e.g., hyperons, meson condensates, quark matter in 2SC, CFL, and LOFF phases).

✓ “Hyperon” (ハイペロン) is a name for baryons which contains one or more strange quarks.

If you find anything unclear, please let me know!
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