
Lecture 3

Kazuyuki Sekizawa

Advanced Nuclear Physics（原子核物理学発展, PHY.F437）
2nd Quarter, at 10:45-12:25 on Tue. & Fri., 2022

#3: June 21 (Tue), 2022

Department of Physics, School of Science

Tokyo Institute of Technology

Microscopic Mean-Field Approaches for Nuclear Superfluidity

~from BCS to HFB~



Purpose of today’s lecture

▪ To clarify the importance of pairing correlations in nuclear systems.

▪ To be familiar with the Bardeen-Cooper-Schrieffer (BCS) theory.

▪ To provide an idea of the Hartree-Fock-Bogoliubov (HFB) theory.

➢ To understand how to describe pairing (superfluidity & superconductivity) 

in Fermionic systems within microscopic mean-field approaches.



What are the “pairing correlations” in atomic nuclei?
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The first notice of pairing correlations

Phys. Rev. 108, 1175 (1957)

✓ Soon after the establishment of the BCS theory, 

pairing was recognized in nuclear physics community!

E* of even-even nuclei are found to be

systematically larger than that of odd-A

(even-odd or odd-even) nuclei!
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Phys. Rev. 110, 936 (1958)

Energy of the 1st excited state vs. A

even-even nuclei

odd-A nuclei×

Energy gap

~1 MeV



✓ H. Beuscher et al., Phys. Lett. B40, 449 (1972): 

A clear observation of an “S-shape” behavior

FastSlow

ω: Rotational frequency
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A remarkable consequence of pairing:  “Backbending” phenomenon

✓ A peculiar behavior was observed in moment of inertia of rapidly rotating nuclei

✓ B.R. Mottelson and J.G. Valatin, Phys. Rev. Lett. 5, 511 (1960): 

Theoretical prediction: “Coriolis force will break pairs!”

✓ A. Johnson, H. Ryde, and J. Sztarkier, Phys. Lett. B34, 605 (1971): 

The first experimental observation of the pair-breaking effect

Rigid rotor

Moment of inertia is 

smaller for superfluid

Pair breaking due to 

the Coriolis force!

FastSlow

Paired state Aligned state
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Evidence of the pairing correlations

✓ There are clear difference between even-even and odd-A nuclei!
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odd-N

odd-Z

even-N

even-Z
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odd-N

odd-Z

even-N

even-Z

Sn (Z=50) isotopes:  even-even nuclei

52 80Neutron number N

(MeV)

is remarkably constant!

Spin parity (J π) of the majority of ground states 

of even-even nuclei is found to be:

Two nucleons prefer to form a                  pair!
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✓ There are clear difference between even-even and odd-A nuclei!

Evidence of the pairing correlations
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Total angular momentum:

There are 2j+1 “substates” (z-projection):

(Fig. 6.2 on p.220 in the textbook by Ring & Shuck)

✓ Nucleons with the same jz have 

the same spatial distribution.

States with ±jz have the largest spatial overlap.

✓ There are clear difference between even-even and odd-A nuclei!

Short-range attraction thus forms a                  pair!

Evidence of the pairing correlations



Then, how can we describe the pairing correlations?

There are many evidences of pairing correlations in atomic nuclei



The BCS theory

John Bardeen: https://en.wikipedia.org/wiki/John_Bardeen

Leon N. Cooper: https://news.brown.edu/media/leon-n-cooper

John Robert Schrieffer: https://en.wikipedia.org/wiki/John_Robert_Schrieffer

L.N. Cooper (1930~, age 92!) J.R. Schrieffer (1931-2019)J. Bardeen (1908-1991)

in 1956 in 1972

https://en.wikipedia.org/wiki/John_Bardeen
https://news.brown.edu/media/leon-n-cooper
https://en.wikipedia.org/wiki/John_Robert_Schrieffer


The BCS wave function is given by:

Let’s check its properties!
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Properties of the BCS wave function

Norm

vanish by acting on the ket

vanish by acting on the bra/ket

✓ Norm of the BCS wave function:

➢ must be fulfilled for all k to normalize the BCS wave function!

We can reorder the a† as there are 0 or even numbers of a

✓ We will just use:
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Particle-number expectation value

index = k index = k

vanish by acting on the bra/ket

a† acts on the bra a acts on the ket

From each of two terms, one finds a unity

(others vanish acting on the bra/ket)

✓ Expectation value of the particle-number operator:

➢ can be interpreted as a probability for a pair              being occupied.

(     is the probability being unoccupied.)

Properties of the BCS wave function

Particle-number operator:
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Particle-number dispersion

The dispersion of the particle-number expectation value is defined by:

Properties of the BCS wave function

Particle number operator:
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✓ Note that the square of the particle-number operator can be written as

k = l part (one-body type) k ≠ l part (two-body type)

k = l part

From each of four terms, one finds a unity

(others vanish acting on the bra/ket)

same as the      case

k ≠ l part

Particle-number operator:
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Particle-number dispersion

The dispersion of the particle-number expectation value is defined by:

➢ The BCS wave function is not an eigenstate of the particle-number operator and the particle-

number fluctuation originates from the fractionally-occupied states around the Fermi level.

(where                          )

Noting the relation,

one finds:

Thus, we have:

Properties of the BCS wave function
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✓ Particle-number dispersion in the BCS state:

Particle-number operator:
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Energy expectation value

Let us consider a simple Hamiltonian with a constant pairing interaction:

Energy expectation value in the BCS state
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Kinetic term

Pairing term



K. Sekizawa

Energy expectation value

Let us consider a simple Hamiltonian with a constant pairing interaction:

Thus, we have:

Taking a variation with respect to vk (uk and vk are related), one obtains:

The BCS conditionThe BCS condition
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Derivation of the BCS condition

Variation
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The BCS theory

Thus we have

and one finds:

➢ The gap equation:

where λ can be determined by

: Particle-number condition

➢ Since the above set of equations sustains the relation “★”, which is equivalent to the BCS condition, 

it offers a practical way of determining Δ, λ, and vk, for a given set of εk.

One can analytically solve it for      and      , leading to:

✓ These amplitudes satisfy 

the BCS condition

(i.e., )

★

✓ As a result of the variation,              , we have obtained the BCS condition:
Single-particle energy:

Pairing gap:
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The HFB theory

Douglas Rayner Hartree: https://www.hartree.stfc.ac.uk/Pages/Douglas-Rayner-Hartree.aspx

Vladimir Aleksandrovich Fock: https://mathshistory.st-andrews.ac.uk/Biographies/Fock/

D.R. Hartree (1897-1958) V.A. Fock (1898-1974) N.N. Bogoliubov (1909-1992)

https://www.hartree.stfc.ac.uk/Pages/Douglas-Rayner-Hartree.aspx
https://mathshistory.st-andrews.ac.uk/Biographies/Fock/
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The HFB theory:  Idea

➢ The BCS wave function can be interpreted as a vacuum of quasi-particles, i.e.:

where

Annihilation of a quasiparticle in a state k Creation of a quasiparticle in a state -k

➢ A quasiparticle is a mixture of 

particle and hole states

i.e.

✓ The “generalized” Bogoliubov transformation is given by:

➢ The HFB wave function would be the most generalized mixture of particle and hole states:

or in a matrix form:

where there hold

i.e.
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The HFB theory:  Idea

Energy expectation value

: Density matrix

: Pairing tensor

: Single-particle Hamiltonian

: Mean field

: Pairing field

Result of a variation

HFB matrix: Generalized density matrix:

The HFB condition

or equivalently

➢ By diagonalizing the HFB matrix, one can determine U and V, which fulfill the HFB condition!
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Summary



Summary of Lecture 3
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Takeaway messages

✓ In the BCS theory, pairing correlations are described by mixing 

particle and hole states (creation and annihilation operators), which 

can be interpreted in terms of quasi-particles.

✓ The HFB theory is a generalization of the quasi-particle picture of 

the BCS theory, which offers a fully self-consistent microscopic 

mean-field description including the pairing correlations.

✓ There are many evidences of pairing correlations in atomic nuclei:

Odd-even mass staggering, energy of the 1st excited state (energy gap), 

spin-parity of the ground state of even-even nuclei (0+), moment of inertia 

(smaller than rigid body), backbending phenomenon, enhancement of 2n 

transfer reaction, neutron-star cooling, pulsar glitch, ...
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✓ “Nuclei” is the plural form of “nucleus” (原子核).

✓ “Nucleon” (核子) is used to collectively refer to “neutron” (中性子) and/or “proton” (陽子).

✓ “N” is often used to express the neutron number of a nucleus.

✓ “Z” is often used to express the proton number [= atomic number (原子番号)] of a nucleus.

✓ “A” is often used to express the mass number [= N + Z (質量数)] of a nucleus.

✓ “Isotopes” (同位体) refer to nuclei with the same Z, but with different N.

✓ “Isotones” (同調体, 同中性子体) refer to nuclei with the same N, but with different Z.

✓ “Isobars” (同重体) refer to nuclei with the same A.

✓ “Nuclide” (核種) is used to express a nucleus specified by each set of N and Z.

✓ Symbol of a nuclide:           , where “X” is the symbol of the corresponding element:      

e.g. an α particle (Z=2, N=2) can be expressed as          . Z & N are often omitted.

✓ By “microscopic,” I mean “quantum mechanically from nucleonic degrees of freedom.”

✓ “DFT” is an acronym of “Density Functional Theory” (密度汎関数法).

✓ “EDF” is an acronym of “Energy Density Functional” (エネルギー密度汎関数).

✓ “HF” is an acronym of “Hartree-Fock”.

✓ “BCS” is an acronym of “Bardeen-Cooper-Schrieffer”.

✓ “HFB” is an acronym of “Hartree-Fock-Bogoliubov”.

✓ “TDA” is an acronym of “Tamm-Dancoff Approximation”.

✓ “RPA” is an acronym of “Random Phase Approximation”.

continued to the next page..

Jargons that might be used in the lecture (for your reference, just in case)



Jargons that might be used in the lecture (for your reference, just in case)

✓ “WD” is an acronym of “White Dwarf” (白色矮星).

✓ “NS” is an acronym of “Neutron Star” (中性子星).

✓ “BH” is an acronym of “Black Hole” (ブラックホール).

✓ “GW” is an acronym of “Gravitational Wave” (重力波).

✓ “SN” is an acronym of “Supernova” (超新星爆発) [Plural: SNe (Supernovae)].

✓ “EoS” is an acronym of “Equation of State” (状態方程式).

✓ “PNM” is an acronym of “Pure Neutron Matter”, an infinite system without protons.

✓ “SNM” is an acronym of “Symmetric Nuclear Matter”, an infinite system with N=Z.

✓ “QPO” is an acronym of “Quasi-Periodic Oscillation” (準周期振動).

✓ “Outer crust” (外殻) is an outer layer of a neutron star, where a Coulomb lattice of nuclei 

coexists with relativistic electron gas (no dripped neutrons).

✓ “Inner crust” (内殻) is an outer layer of a neutron star, next to the outer crust, where a sea 

of dripped neutrons permeates a Coulomb lattice of neutron-rich nuclei which coexist with 

relativistic electron gas.

✓ “Outer core” (外核) is an outer part of a neutron-star core, where uniform, β-equilibrium

npeμ nuclear matter exists.

✓ “Inner core” (内核) is an inner part of a neutron-star core, where exotic phases may emerge 

(e.g., hyperons, meson condensates, quark matter in 2SC, CFL, and LOFF phases).

✓ “Hyperon” (ハイペロン) is a name for baryons which contains one or more strange quarks.

If you find anything unclear, please let me know!
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