Advanced Nuclear Physics (R FE&IIBEFKRE, PHY.F437)
2nd Quarter, at 10:45-12:25 on Tue. & Fri., 2022
#3: June 21 (Tue), 2022

Lecture 3

Microscopic Mean-Field Approaches for Nuclear Superfluidity

~from BCS to HFB~

Kazuyuki Sekizawa

Department of Physics, School of Science
Tokyo Institute of Technology

RRIEAF

Tokyo Institute of Technology



Purpose of today’s lecture

= To clarify the importance of pairing correlations in nuclear systems.

= To be familiar with the Bardeen-Cooper-Schrieffer (BCS) theory.

= To provide an idea of the Hartree-Fock-Bogoliubov (HFB) theory.

> To understand how to describe pairing (superfluidity & superconductivity)
In Fermionic systems within microscopic mean-field approaches.




What are the “pairing correlations™ 1n atomic nucle1?



The first notice of pairing correlations

v" Soon after the establishment of the BCS theory,
pairing was recognized in nuclear physics community!

Phys. Rev. 110, 936 (1958)

Possible Analogy between the Excitation Spectra of Nuclei and Those
of the Superconducting Metallic State

A. Borr, B. R. Morrerson, ann D, Pives*
Institute for Theoretical Physics, University of Copenhagen, Copenbagen, Denmark, and Nordisk Institut for Teoretisk Atomfysik,
Copenhagen, Denmark
(Received January 7, 1958)

Phys. Rev. 108, 1175 (1957) E
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Theory of Superconductivity D o0 % odd-A nuclei
J. Barpeen, L. N. Coorer,t awp J. R, Scurierrerj
Department of Physics, University of Illinois, Urbana, Ilinois 1WWrse ) o ©
(Received July 8, 1957) © o oo o
-ENnergy gap
- o5t ~1 MeV
E* of even-even nuclei are found to be . ]
systematically larger than that of odd-A C o xa . ok
(even-odd or odd-even) nuclei! ol . . T
150 170 190 210 230 250 A

K. Sekizawa Lecture 3: Theories for pairing correlations - BCS and HFB Tue., June 21, 2022



A remarkable consequence of pairing: “Backbending” phenomenon

v A peculiar behavior was observed in moment of inertia of rapidly rotating nuclei

v" B.R. Mottelson and J.G. Valatin, Phys. Rev. Lett. 5, 511 (1960):
Theoretical prediction: “Coriolis force will break pairs!”

v"A.Johnson, H. Ryde, and J. Sztarkier, Phys. Lett. B34, 605 (1971):
The first experimental observation of the pair-breaking effect
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Evidence of the pairing correlations

v There are clear difference between even-even and odd-A nuclei!

Odd-even mass staggering Excitation spectra
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Evidence of the pairing correlations

v There are clear difference between even-even and odd-A nuclei!

Odd-even mass staggering
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Excitation spectra

(MeV) Sn (Z=50) isotopes: even-even nuclei
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Spin p?arity (J ™) of the majority of ground states
of even-even nuclei is found to be: ()

Two nucleons prefer to forma J"= ot pair!
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Evidence of the pairing correlations

v There are clear difference between even-even and odd-A nuclei!

v" Nucleons with the same j, have
the same spatial distribution.

m=0 m=t1 m=zt?

(Fig. 6.2 on p.220 in the textbook by Ring & Shuck)

z
Total angular momentum: 7 =1+ 8 4
Z
1=0,1,2,3,... (s,p,d,f,...)
s = :I:%

There are 2j+1 “substates” (z-projection):
,jz :—j:_j—l_laaj_l:]j

2+ 1

States with %, have the largest spatial overlap.

» Short-range attraction thus forms a J "= 0" pair!

Excitation spectra

(MeV) Sn (Z=50) isotopes: even-even nuclei

2t E*(27) is remarkably constant!
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Spin pEarity (J ™) of the majority of ground states
of even-even nuclei is found to be: ()

» Two nucleons prefer to forma J"= ot pair!
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There are many evidences of pairing correlations in atomic nuclei

Then, how can we describe the pairing correlations?



B®.  The BCS theory

J. Bardeen (1908-1991) L.N. Cooper (1930~, age 92!) J.R. Schrieffer (1931-2019)

John Bardeen: https://en.wikipedia.org/wiki/John Bardeen
Leon N. Cooper: https://news.brown.edu/media/leon-n-cooper
John Robert Schrieffer: https://en.wikipedia.org/wiki/John Robert Schrieffer



https://en.wikipedia.org/wiki/John_Bardeen
https://news.brown.edu/media/leon-n-cooper
https://en.wikipedia.org/wiki/John_Robert_Schrieffer

The BCS wave function is given by:

o0

[BCS) = [ ] (s +wrajaly)|0)

k>0

Let’s check its properties!



Properties of the BCS wave function

v" We will just use:

{ak, ag} = CALLCAL; + &la‘h = gy
oo co {ag, a1} = {al,al} =0
<BCS’BCS> = <0’ H(uk + vpa_pak) H(u; -I-’Uga ’O ) )
ax|0) =0 (0la) =
k>0 1>0
= <0’(u1 +v10_161) - - (Yoo + Voo O Ooaoo)(ul -+ UlaJ{aT 1) (Uoo -I—’UOOCL ’0)
We can reorder the af as there are 0 or even numbers of a
(&)
= <0’ || (e + via—pag)(uk + via T_ ’0
k>0
il
= <O’ [uk + uhvk(aza e T Gy, ) + UA a_ h&hélcﬂ k] O>
Ic>0 vanish by acting on the bra/ket —a (1 &Ldk)&ik _q —,,@1kﬁ~~-k---‘-|m-&"—'"k‘aii'fi'i}ﬁk
oo vanish by acting on the ket
= [J @i +0)
k>0
. )
v" Norm of the BCS wave function:
o0
2 2
(BCS[BCS) = [ [ (uf +v7)
\ k>0 )

> u? 4+ v = 1 must be fulfilled for all k to normalize the BCS wave function!
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Properties of the BCS wave function

Particle-number operator:

Particle-number expectation value N =Y (ajar +a' ,a_)

k>0

~

<BCS’N’BCS> = <O’ uy +via_ 1a1) (Uoo + Vool— ooaoo)N(ul + U1&4{€t11)‘; o (Uso + Uoo&lcaioc)’m

) 1
index = k index = k ™ : //

o0 ,"' L o0
= > {0](sei + vea—wan)(ajar +a’ pa—p)(ui +vxaga’ ) ] (w4 wamid) (w +wvafal,)jo)

k>0 af acts on the bra a acts on the ket 1(#k)>0

o — uf o (fat, + aerl) + R amégélal,

Z v 0’@ Y (a i + o a 0) af ’0> vanish by acting on the brasket ~ —> 1
= k k —k ka

k>0 From each of two terms, one finds a unity - ] @i+

(others vanish acting on the bra/ket) Hzk)>0
a3
k>0
4 . . )
v Expectation value of the particle-number operator:
o0
(BCS|N|BCS) =2> o}

> ’tf can be interpreted as a probability for a pair (k, —k) being occupied.
(u3 is the probability being unoccupied.)
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Properties of the BCS wave function

Particle-number operator:

Particle-number dispersion N =Y (ajar +a' ,a_)

k>0
The dispersion of the particle-number expectation value is defined by:
(AN)? = (BCS|N?|BCS) — (BCS|N|BCS)*
v Note that the square of the particle-number operator can be written as
Z(akah +a "a—g) 24 Z (akak +al Pa_ L)(a aj —I—a_la 1)
k>0 k,l >0
(kL)
k = | part (one-body type) k # | part (two-body type)
= pelit same as the V' case
BCS’Z ’BCS th<0’a Aah(alak—l—a o A) ah }D’O = 421}%
k>0 k>0 k>0

From each of four terms, one finds a unity
(others vanish acting on the bra/ket)

.

k,0 >0

(0| (i, + via—par)(alay + a
ety X (wi +va_yar)(a)a +
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Properties of the BCS wave function

Particle-number operator:

Particle-number dispersion N =Y (ajar +a' ,a_)

k>0
The dispersion of the particle-number expectation value is defined by:
(AN)? = (BCS|N?|BCS) — (BCS|N|BCS)*
Thus, we have:
(BCS|N?|BCS) =4) o} +4 Z«Uzv?
k>0 kl(>0)
" (k #1)
Noting the relation, ,
(BCS|N[BCS)” = (2 > Ug) =4 ui+4 Zy,%vf
one finds: k=0 k>0 ’Efﬁ?
4 . . . _ )
v' Particle-number dispersion in the BCS state:
(ANP =43(1 vt =4 wfo
N — 2 n
\_ k>0  =uy k>0 y

» The BCS wave function is not an eigenstate of the particle-number operator and the particle-
number fluctuation originates from the fractionally-occupied states around the Fermi level.
(where uj # 1,v; # 1)
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Energy expectation value in the BCS state

Energy expectation value

Let us consider a simple Hamiltonian with a constant pairing interaction:

I‘AI: Z tu&i&g Z AT Tha gal

k,1(20) k,1(>0)

<BCS|Z?]M&L&£’BCS Ztu O| Wi + Vpa_ hak) ay, ,g(u[‘—l— U[CALZT&JLE)’O>
k.l

k.l
=01

......
_{_

Pairing term

~G(Bes| Y alal

k,l(>0) k>0

—GZ O’ ur + vpa_pa) Z Tk(u;b—l—vka;a*h)(

= Ztmvkvlgma_k&ilmz - Z’Ui t};k

)= —GZ 0’ Wi + vra_kag) a Z fka*’fa’f (wk +U’“dj€ai’f)’0>

Uy + UG lal) a—jap (ui -I-Uzal

k>0 —
) S@)?=0 (@) =0
e . 2,2
\ el = (1
=-G E Uf - Gy¢ E URVE ULV 2. ik = |
...... if - o ~ .2 4
k>0 l{@? = (E ukvk) — EU" + E vy,
.'"n..-.......--..- k,>0 k>0 ¢ k>0
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Derivation of the BCS condition

Energy expectation value

Let us consider a simple Hamiltonian with a constant pairing interaction:

H= Y tyala -G Y ala aa
k,1(20) k,1(>0)
Thus, we have:

2
(BCS|H — AN|BCS) =2 "of (tu — A) — G(Z u;vg) -G v

>0 >0 >0

Taking a variation with respect to v, (u, and v, are related), one obtains:

8Uk 8uk

= —vp/up CCup =4/1 —”U%
Uk
= 4(tpe — Ao — 4GV} — 2G .+ 2G— :
(ter — Aok Uk (Z Uivl)uh + ", (Z Ulvl)vk

>0

5(BCS|H — AN|BCS) = (ai o L )(Bcsm — AN|BCS)
_________________________________ :

>0
U7
:4(tkk'_)\_GU%)U}C+2A<U_Z_UE)'T“Q' A = GZU};”Uk
k>0
o] 2(sk — Nugvp + A(w2 —u2) =0 |- - - The BCS condition =i = tgr — Gvj
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The BCS theory

Single-particle energy:

v As a result of the variation, 6 £ = 0, we have obtained the BCS condition: ep =t — G2

Pairing gap:
2 2
2(ep — Nugve + A(vy, —ug) =0 A — quwk
k>0
One can analytically solve it for v7 and u%, leading to:
vi,ui (A =0
N k ] | ) = 1(1 - > )
1 S A ——— R 2 ViEr— A2+ Az) v’ These amplitudes satisfy
v, ui (A #0) 2o Ly n Sk — A E?Z BEE C_orgj;tlon
AR TRy o

() e \ S 8 e TR T AT AT

Thus we have

2 2 1 (S;v )\)2 . 1 AQ
’Ukuk = — 1 — —
4 (cr — N2+ A2) " 4(z — N2 T A2
and one finds:
" > The gap equation: A
G A
A=) —
o V(e — AP+ A

where A can be determined by
S — A
N = QZ Vg = Z (1 — K > 2) : Particle-number condition
\_ k>0 k>0 ViEr =22+ A y.

> Since the above set of equations sustains the relation “¥, which is equivalent to the BCS condition,
it offers a practical way of determining A, A, and v,, for a given set of «,.
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B®.  The HFB theory

D.R. Hartree (1897-1958 V.A. Fock (1898-1974)  N.N. Bogoliubov (1909-1992)

Douglas Rayner Hartree: https://www.hartree.stfc.ac.uk/Pages/Douglas-Rayner-Hartree.aspx
Vladimir Aleksandrovich Fock: https://mathshistory.st-andrews.ac.uk/Biographies/Fock/



https://www.hartree.stfc.ac.uk/Pages/Douglas-Rayner-Hartree.aspx
https://mathshistory.st-andrews.ac.uk/Biographies/Fock/

The HFB theory: Idea

» The BCS wave function can be interpreted as a vacuum of quasi-particles, i.e.:
BCS) =0 ie [BCS)=]]ax|0)
k

e S -
f*ﬁ"ukak Uka—f: Q—fp = UkG— + Uy, » A quasiparticle is a mixture of

Annihilation of a quasiparticle in‘a state k “Creation of a quasiparticle in a state -k particle and hole states

g,

where

» The HFB wave function would be the most generalized mixture of particle and hole states:

6, HFB) =0 ie. |HFB) =[] 3./0)
7

(v The “generalized” Bogoliubov transformation is given by: )
. M A M
Bu = Z (U;‘Mak + Vé’;&i) Bl = Z (Ukudl + Vkﬂak)
k=1 k=1
or in a matrix form:
3 t t - ~
BY (U VoY (a)=wi(8
el vt U al al
where there hold
{éL’BV}:al«W {Buaéy}:{/él,éi}:o
WIW = WWrH =1
. J
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The HFB theory: Idea

- . 1
Energy expectation value H=3" el +§ D Vutmn afi]anin

kl klmn

_/ata N — (U - Densi : ) _

Pkl = <al ak) — (V 14 )M : DenSIty matrix Pkl — Z’Ukmln Pnm . Mean field
1 T

Ay = 5 Z Ukimn Kmn : Pairing field

mn

ki = (@) = (V*U")x : Pairing tensor

h =<+ T :Single-particle Hamiltonian

r'f=r
AT = —A
h=h

Result of a variation N
[H,R] =0 | - - - The HFB condition

HFB matrix: Generalized density matrix:
_(h—=AI A (P K
H= ( —A* —h*—l—)x[) R= (—ﬁ:* I—p*)
or equivalently
Ey
h— Al A Uy _ (U Es
—A*  —h*4+ M) \V Vv 0

» By diagonalizing the HFB matrix, one can determine U and V, which fulfill the HFB condition!
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. Summary




Summary of Lecture 3

K. Sekizawa

Takeaway messages

v There are many evidences of pairing correlations in atomic nuclei:

Odd-even mass staggering, energy of the 1st excited state (energy gap),
spin-parity of the ground state of even-even nuclei (0*), moment of inertia
(smaller than rigid body), backbending phenomenon, enhancement of 2n
transfer reaction, neutron-star cooling, pulsar glitch, ...

v"In the BCS theory, pairing correlations are described by mixing
particle and hole states (creation and annihilation operators), which
can be interpreted in terms of quasi-particles.

v" The HFB theory is a generalization of the quasi-particle picture of
the BCS theory, which offers a fully self-consistent microscopic
mean-field description including the pairing correlations.

Tue., June 21, 2022
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Jargons that might be used in the lecture (for your reference, just in case)

“Nuclei” is the plural form of “nucleus” (J& 71%).

“Nucleon” (#7F) is used to collectively refer to “neutron” (414 F) and/or “proton” (% 7F).
“N” is often used to express the neutron number of a nucleus.

“Z” is often used to express the proton number [= atomic number (/=7 )] of a nucleus.
“A” is often used to express the mass number [= N + Z (2 =%%)] of a nucleus.

“Isotopes” ([E1x) refer to nuclei with the same Z, but with different N.

“Isotones” ([EFA1E, [ElFEF1K) refer to nuclei with the same N, but with different Z.
“Isobars” ([F/E21£) refer to nuclei with the same A.

“Nuclide” (#1%) is used to express a nucleus specified by each set of N and Z.

Symbol of a nuclide: éX ywhere “X” is the symbol of the corresponding element:

e.g. an a particle (Z=2, N=2) can be expressed as %He.zz & N are often omitted.

By “microscopic,” I mean “quantum mechanically from nucleonic degrees of freedom.”
“DFT” is an acronym of “Density Functional Theory” (¥ JLEIZUE).

“EDF” is an acronym of “Energy Density Functional” (T /L & — 2 E )N B9 440,

“HF” is an acronym of “Hartree-Fock™.

“BCS” is an acronym of “Bardeen-Cooper-Schrieffer”.

“HFB” is an acronym of “Hartree-Fock-Bogoliubov”.

“TDA” is an acronym of “Tamm-Dancoff Approximation”.

v
v
v
v
v
v
v
v
v
v
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“RPA” is an acronym of “Random Phase Approximation”.
continued to the next page..




Jargons that might be used in the lecture (for your reference, just in case)

“WD?” is an acronym of “White Dwarf” (H &% 2).

“NS” is an acronym of “Neutron Star” (FF4F £).

“BH” is an acronym of “Black Hole” (7 7 v 7 75— L).

“GW?” is an acronym of “Gravitational Wave” (£ 775).

“SN” is an acronym of “Supernova” (837 £ &%) [Plural: SNe (Supernovae)].

“E0S” is an acronym of “Equation of State” (1XAE5EL).

“PNM” 1s an acronym of “Pure Neutron Matter”, an infinite system without protons.

“SNM” 1s an acronym of “Symmetric Nuclear Matter”, an infinite system with N=Z.

“QPO” is an acronym of “Quasi-Periodic Oscillation” (#£ /& H3xE)).

“Outer crust” (#}7%) is an outer layer of a neutron star, where a Coulomb lattice of nuclei

coexists with relativistic electron gas (no dripped neutrons).

“Inner crust” (M7%) is an outer layer of a neutron star, next to the outer crust, where a sea

of dripped neutrons permeates a Coulomb lattice of neutron-rich nuclei which coexist with

relativistic electron gas.

v “Quter core” (#1%) is an outer part of a neutron-star core, where uniform, g-equilibrium
npeu nuclear matter exists.

v “Inner core” (M%) is an inner part of a neutron-star core, where exotic phases may emerge
(e.g., hyperons, meson condensates, quark matter in 2SC, CFL, and LOFF phases).

v' “Hyperon” (/1 ~< 0 >) is a name for baryons which contains one or more strange quarks.

If you find anything unclear, please let me know!

v
v
v
v
v
v
v
v
v
v

AN




Kazuyuki Sekizawa

Associate Professor

Department of Physics, School of Science

Tokyo Institute of Technology

2-12-1 O-Okayama, Meguro, Tokyo 152-8551, Japan
sekizawa @ phys.titech.ac.jp

About me: http://sekizawa.fizvka.pw.edu.pl/english/

About us: https.//nuclphystitech.wordpress.com/

See also:

v f & E3


http://sekizawa.fizyka.pw.edu.pl/english/
https://nuclphystitech.wordpress.com/
https://twitter.com/kazsek0222
https://www.facebook.com/kazuyuki.sekizawa.0222/
https://www.researchgate.net/profile/Kazuyuki_Sekizawa
https://scholar.google.co.jp/citations?user=1UzihkUAAAAJ&hl=en

