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Purpose of today’s lecture

▪ To explain what is the Hartree-Fock (HF) approximation.

▪ To present the concept of the density functional theory (DFT).

▪ To clarify difference and relevance between HF and DFT.

➢ To understand how a one-body potential naturally arises

(similar to the one introduced in the Mayer-Jensen’s shell model)             

in the microscopic mean-field approaches.



Throughout the lectures we will restrict ourselves to non-relativistic treatments.Note:

K. Sekizawa

A rationale behind the “non-relativistic” treatment
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Only from the saturation density, you can already infer, as follows:

Lorentz factor:

✓ Nucleons inside a nucleus are not really relativistic.

*Note that there are relativistic approaches, such as relativistic mean-field (RMF) theory or covariant DFT, 

which are rooted with the meson-exchange picture, explains the origin of spin-orbit and time-odd interactions, ...

✓ Nuclear saturation density:

➢ Fermi wave number:

for n or p

➢ Fermi momentum: ➢ Fermi energy:

➢ Fermi velocity:

(about 15 min)

(cf. Super-Kamiokande experiment)

Quite small!



That’s it!

If you agree with the use of non-relativistic treatments

However, it’s practically impossible.. Why?

Our ultimate goal would be to solve the many-body Schrödinger equation:

Portrait: https://en.wikipedia.org/wiki/Erwin_Schr%C3%B6dinger

E. Schrödinger (1887-1961)

in 1933

https://en.wikipedia.org/wiki/Erwin_Schr%C3%B6dinger


We want to solve this, but can’t in practice. Why?

K. Sekizawa

Difficulties in solving the many-body Schrödinger equation

1.  It’s computationally too demanding.

2.  We don’t really know actual form of nuclear interactions.

❑ The number of degrees of freedom of Ψ is:
x,y,z ↑,↓ n,p

6×1010 for A=10

8×10107 for A=100

2×1025 TB for 103, A=10

3×10636 TB for 1003, A=100
❑ To store Ψ on a HDD, one needs:

Nx×Ny×Nz
↑,↓ n,pdouble precision

complex (byte)

In other words, “Ψ contains enormous amount of information!” (may be too much!)

❑ Lattice QCD calculations are under way, but still have not provided the actual force.

❑ One may parametrize the “bare” NN interaction, and fit to reproduce NN scattering data.         

(It is called “realistic nuclear force.” It shows a repulsive core which requires a caution.)

The problem is two-fold:
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Therefore, we have to introduce:

1.  An approximation to the many-body wave function Ψ

2.  An effective (phenomenological) nucleon-nucleon interaction

or use some renormalization/regularization technique for

a realistic nuclear force (= a “bare” NN interaction)

dealing with the strong repulsive core

→ then directly solve the problem by a rigorous many-body theory

→ which is classified as “ab initio” approaches (beyond the scope of my lectures.)



The Hartree-Fock theory

D.R. Hartree (1897-1958) V.A. Fock (1898-1974)

Douglas Rayner Hartree: https://www.hartree.stfc.ac.uk/Pages/Douglas-Rayner-Hartree.aspx

Vladimir Aleksandrovich Fock: https://mathshistory.st-andrews.ac.uk/Biographies/Fock/

https://www.hartree.stfc.ac.uk/Pages/Douglas-Rayner-Hartree.aspx
https://mathshistory.st-andrews.ac.uk/Biographies/Fock/


Point!

K. Sekizawa

The Hartree-Fock theory
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✓ The Schrödinger equation can be derived from an unrestricted variation:

➢ In the HF theory, the many-body wave function Ψ 

is approximated by a single Slater determinant.

is a single-particle orbital

(or wave function) of a nucleon.

Ortho-normal condition:

thus there holds:

*We will neglect spin & isospin degrees of freedom.

Summation over all possible permutations of ξ1…ξN, e.g.:

123...N, 132...N, 213..N, ... (i.e. for N! patterns)

(-1)M where M is the number of replacements which is necessary 

to realize the sequence ξ1…ξN, from the ascending order, 12...N.



Kinetic (one-body) term

K. Sekizawa

Energy expectation value in the HF state (1/2):  Kinetic term
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For a moment, let’s assume a general Hamiltonian (kinetic + two-body interaction):

*∇i acts only on the coordinate ri

By exchanging integration variables, one can always 

make the product in this order:

When one exchanges ri ⇔ rj a factor

of -1 arises from this determinant,

which produces another

→ All N! terms contribute equally!

Only the case, i.e., is non-vanishing!



Interaction (two-body) term

K. Sekizawa

Energy expectation value in the HF state (2/2):  Interaction term
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For a moment, let’s assume a general Hamiltonian (kinetic + two-body interaction):

*∇i acts only on the coordinate ri

same as the kinetic term:  N! terms contribute equally

There are only two possibilities:

or
,  i.e.

,  i.e.

i th
place

j th
place

Direct term Exchange term



K. Sekizawa

Derivation of the HF equation
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In summary, the energy expectation value in the HF state,                           , reads:

➢ Now you are ready to derive the HF equation through the variational principle!

❑ Kinetic term:

❑ Interaction term:

Direct (Hartree) potential Exchange (Fock) potential



K. Sekizawa

Summary of the HF theory

Many-body wave function is approximated by a single Slater determinant

Unrestricted variation The Schrödinger equation:

The Hartree-Fock equation:

where

Single-particle Hamiltonian:

Hartree potential (direct term):

Fock potential (exchange term):
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Constraints on the orthonormal property 

of the single-particle wave functions.

→ εij are the Lagrange multipliers.

HF approximation



DFT in a tiny nutshell

DFT



A theory which gives us access to the exact solution

Kohn-Sham equation

Equivalent!

(for a special EDF)

This is the key!
EDF

w.f. is a functional of density

P. Hohenberg and W. Kohn, Phys. Rev. B 136, 864 (1964)

What is DFT?

K. Sekizawa

Energy can also be written as a functional of density
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The existence was proven, but its shape is unknown..

CAUTION!



The existence was proven, but its shape is unknown..

CAUTION!



The existence was proven, but its shape is unknown..

CAUTION!



The existence was proven, but its shape is unknown..

CAUTION!

Developing a better functional is

an important subject in nuclear theory!



C-Z. Gao et al.,

J. Phys. B: At. Mol. Opt. Phys. 48, 105102 (2015)

Fullerene: C60

Y. Shinohara, K. Yabana, Y. Kawashita, J.-I. Iwata, T. Otobe, and G. F. Bertsch,

Phys. Rev. B 82, 155110 (2010)

Si crystal

Great Success of the Density Functional Theory

W. Kohn and L.J. Sham, Phys. Rev. 140, A1133 (1965) 24,384 citations!

P. Hohenberg and W. Kohn, Phys. Rev. 136, B864 (1964) 19,015 citations!
The seminal papers on DFT

Number of publications with “DFT” (till 2013)

Year
A. Galano and J.R. Alvarez-Idadoy, J. Compt. Chem. 35, 2019 (2014)

The Nobel Prize in Chemistry 1998

Walter Kohn John Pople ©https://www.nobelprize.org



What’s behind the wonder of DFT?

→ Hohenberg-Kohn theorem & Kohn-Sham scheme



(a) + (b) ?

K. Sekizawa

P. Hohenberg and W. Kohn, Phys. Rev. 136, B864 (1964)

DFT in a tiny nutshell (1/2) - Hohenberg-Kohn theorem

However, one also gets:

・・・ (b)

Now, one finds:

・・・ (a)

Assumption:

Two different wave functions      and

provide the same one-body density
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Assumption:

Two different wave functions      and

provide the same one-body density

(a) + (b) ?

K. Sekizawa

P. Hohenberg and W. Kohn, Phys. Rev. 136, B864 (1964)

DFT in a tiny nutshell (1/2) - Hohenberg-Kohn theorem

However, one also gets:

・・・ (b)

Now, one finds:

・・・ (a)

Our assumption was wrong!

“reductio ad absurdum”
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Assumption:

Two different wave functions      and

provide the same one-body density

(a) + (b) ?

K. Sekizawa

P. Hohenberg and W. Kohn, Phys. Rev. 136, B864 (1964)

DFT in a tiny nutshell (1/2) - Hohenberg-Kohn theorem

However, one also gets:

・・・ (b)

Now, one finds:

・・・ (a)

“reductio ad absurdum”

There is a one-to-one correspondence between Ψ and ρ

The 1st HK theorem:
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The 2nd HK theorem:

DFT in a tiny nutshell (1/2) - Hohenberg-Kohn theorem

Ψ can be written as a functional of ρ:

Any observables can be written as a functional of ρ:

SE HK

K. Sekizawa

Minimization of EDF with respect to ρ will provide Eg.s. and ρg.s.:

There is a one-to-one correspondence between Ψ and ρ

The 1st HK theorem:

The one-body density can be the fundamental degree of freedom!

:  Energy Density Functional (EDF)
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Kohn-Sham scheme:
W. Kohn and L.J. Sham, Phys. Rev. 140, A1133 (1965)

DFT in a tiny nutshell (2/2) - Kohn-Sham scheme

Kohn-Sham scheme makes DFT computationally solvable

K. Sekizawa

✓ The EDF of the many-body system:

This contains all necessary info to get the many-body ground state

✓ Let us rewrite it as:

E’ is the rest of EDF except the one-body kinetic term

✓ Taking the variation w.r.t. single-particle orbitals,

one finds:

:  Kohn-Sham equation

Kohn-Sham potential: One-body density: Kohn-Sham orbitals:
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Then, how it works?



Neutron number

P
ro

to
n
 n

u
m

b
er

DFT in Nuclear Physics

All nuclei can be described with a single EDF

K. Sekizawa

N, Z
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Neutron star

DFT in Nuclear Physics

All nuclei can be described with a single EDF

Neutron number
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K. Sekizawa

N, Z
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Interacting Plot of Atomic nuclei & Computed Shapes (InPACS)

Center for Computational Sciences (CCS), University of Tsukuba

https://wwwnucl.ph.tsukuba.ac.jp/InPACS/

https://wwwnucl.ph.tsukuba.ac.jp/InPACS/


Q. What are difference and relevance between

Hartree-Fock theory and DFT?

A. HF ≠ DFT, but HF with an “effective interaction” 

may be regarded as Kohn-Sham DFT



In electronic systems:

The interaction is very well known :)

In nuclear systems:

The interaction is not well known :(

Kinetic Coulomb
btw protons

“Something complicated”

NN interaction
3-body interaction
LS, tensor, ...
repulsive core ...

Kinetic Coulomb
btw electrons

Coulomb
from ions



K. Sekizawa

Hartree-Fock theory with an effective interaction
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Then, the resulting HF energy becomes a functional of various local densities:

*It looks as if there are only local (direct) terms, but it contains the exchange terms.

➢ In practice, a zero-range effective NN interaction has been applied

Spin exchange operator: Relative-wave-vector operator:

(     is a C.C. of     acting to the left)

t0-3, x0-3, α, and W0 are parameters, which are 

adjusted to reproduce known nuclear properties.

Skyme (zero-range, contact-type) effective interaction



K. Sekizawa

Hartree-Fock theory vs. DFT

Unrestricted VariationUnrestricted variation

Schrödinger eq:
so, of course, HF ≠ DFT

Variation

for a Slater det.
Variation for a Slater determinant

Hartree-Fock eq: *Integro-differential eq.

Slater determinant: Orthonormal condition:

Hartree potential (direct term): Fock potential (exchange term):

Regarding ESkyrme as an EDF,  Skyrme-HF eq. may be regarded as KS eq. in DFT
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K. Sekizawa

Hartree-Fock theory vs. DFT

Unrestricted variation

Schrödinger eq:

Unrestricted Variation

Regarding ESkyrme as an EDF,  Skyrme-HF eq. may be regarded as KS eq. in DFT

Variation for a Slater determinant

Hartree-Fock eq: *Integro-differential eq.

Kohn-Sham equation:

Skyrme “effective interaction” T.H.R. Skyrme, Philos. Mag. 1, 1043 (1956)

:  Relative coordinate

:  C.M. coordinate

:  Relative momentum op.

:  Spin exchange op.

*t0-3, x0-3, W0, and α are the parameters

Skyrme-Hartree-Fock eq:

*E is a functional of various densities

*ξα stands here for various densities

➢ One may also regard Skyrme-TDHF as TDKS in TDDFT

Variation

for a Slater det.
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Summary



Summary of Lecture 2

K. Sekizawa

Takeaway messages

✓ In the HF theory, the many-body wave function is approximated by a single 

Slater determinant.

✓ One may regard the local HF equations as the KS equations in DFT, which 

lies behind the success of the mean-field approaches for nuclear systems.
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✓ In nuclear physics, a density-dependent, local [i.e. ], 

“effective interaction” has been used, leading to local HF equations.



✓ “Nuclei” is the plural form of “nucleus” (原子核).

✓ “Nucleon” (核子) is used to collectively refer to “neutron” (中性子) and/or “proton” (陽子).

✓ “N” is often used to express the neutron number of a nucleus.

✓ “Z” is often used to express the proton number [= atomic number (原子番号)] of a nucleus.

✓ “A” is often used to express the mass number [= N + Z (質量数)] of a nucleus.

✓ “Isotopes” (同位体) refer to nuclei with the same Z, but with different N.

✓ “Isotones” (同調体, 同中性子体) refer to nuclei with the same N, but with different Z.

✓ “Isobars” (同重体) refer to nuclei with the same A.

✓ “Nuclide” (核種) is used to express a nucleus specified by each set of N and Z.

✓ Symbol of a nuclide:           , where “X” is the symbol of the corresponding element:      

e.g. an α particle (Z=2, N=2) can be expressed as          . Z & N are often omitted.

✓ By “microscopic,” I mean “quantum mechanically from nucleonic degrees of freedom.”

✓ “DFT” is an acronym of “Density Functional Theory” (密度汎関数法).

✓ “EDF” is an acronym of “Energy Density Functional” (エネルギー密度汎関数).

✓ “HF” is an acronym of “Hartree-Fock”.

✓ “BCS” is an acronym of “Bardeen-Cooper-Schrieffer”.

✓ “HFB” is an acronym of “Hartree-Fock-Bogoliubov”.

✓ “TDA” is an acronym of “Tamm-Dancoff Approximation”.

✓ “RPA” is an acronym of “Random Phase Approximation”.

continued to the next page..

Jargons that might be used in the lecture (for your reference, just in case)



Jargons that might be used in the lecture (for your reference, just in case)

✓ “WD” is an acronym of “White Dwarf” (白色矮星).

✓ “NS” is an acronym of “Neutron Star” (中性子星).

✓ “BH” is an acronym of “Black Hole” (ブラックホール).

✓ “GW” is an acronym of “Gravitational Wave” (重力波).

✓ “SN” is an acronym of “Supernova” (超新星爆発) [Plural: SNe (Supernovae)].

✓ “EoS” is an acronym of “Equation of State” (状態方程式).

✓ “PNM” is an acronym of “Pure Neutron Matter”, an infinite system without protons.

✓ “SNM” is an acronym of “Symmetric Nuclear Matter”, an infinite system with N=Z.

✓ “QPO” is an acronym of “Quasi-Periodic Oscillation” (準周期振動).

✓ “Outer crust” (外殻) is an outer layer of a neutron star, where a Coulomb lattice of nuclei 

coexists with relativistic electron gas (no dripped neutrons).

✓ “Inner crust” (内殻) is an outer layer of a neutron star, next to the outer crust, where a sea 

of dripped neutrons permeates a Coulomb lattice of neutron-rich nuclei which coexist with 

relativistic electron gas.

✓ “Outer core” (外核) is an outer part of a neutron-star core, where uniform, β-equilibrium

npeμ nuclear matter exists.

✓ “Inner core” (内核) is an inner part of a neutron-star core, where exotic phases may emerge 

(e.g., hyperons, meson condensates, quark matter in 2SC, CFL, and LOFF phases).

✓ “Hyperon” (ハイペロン) is a name for baryons which contains one or more strange quarks.

If you find anything unclear, please let me know!
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