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Voyage towards the limit of existence



“Flat Earth” by iStock; “Star Wars Spaceship” by Valérian Pierret @Artstation

Now we are sailing towards the edge of the nuclear landscape..
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“3d hyperspace background with warp tunnel effect Free Photo” @freepik

From nuclei to neutron stars

https://www.freepik.com/free-photo/3d-hyperspace-background-with-warp-tunnel-effect_8879794.htm


Stars shine due to nuclear fusion reactions

The Sun

・Radius: ~7×108m (~109 times bigger than Earth)

・Mass: ~2×1030kg  (~330 thousands times heavier than Earth)

・Central temp.: ~10 million ℃

・Surface temp.: ~5000 ℃

Picture: https://en.wikipedia.org/wiki/Sun
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Energy source of the Sun:  Nuclear fusion

Proton-proton (p-p) chain
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Before After＞

Lighter than before!

What happened:

Four protons became a helium nucleus!

Equivalence between mass and energy

Albert Einstein (1979-1955)

E:  Energy

m:  Mass

c:  Speed of light

This reaction generates energy

(exothermic)

Quantum tunneling allows for 

overcoming the Coulomb barrier!



Interstellar gas

Protostar

Star

p-p chain

Planetary nebula

White dwarf

The size is like Earth,

but with the solar mass

※The Sun will be a WD

after 5 billion years

Red giant

when He is

exhausted

Life cycle of a light star

Picture: https://www.astroarts.co.jp/products/stlnav7/spec/plane_list-j.shtml
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→ gain energy by nuclear fission

56Fe
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Stability of Nuclei

Light nuclei

→ gain energy by nuclear fusion
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He
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Red giant

The size is like Earth,

but with the solar mass

※The Sun will be a WD

after 5 billion years

Planetary nebula

White dwarf
Interstellar gas

Protostar

Life cycle of a massive star

Star

p-p chain

Red supergiant

Picture: https://www.astroarts.co.jp/products/stlnav7/spec/plane_list-j.shtml



He

H

C, O
O, Ne, Mg

Si

Fe

“Onion structure”

Nuclear reactions:
1H → 4He → 12C → 16O → 20Ne → 24Mg → 28Si → ... → 56Fe

The fate of a massive star

The Crab Nebula

Remnant of the SN in 1054

After forming the iron core…

→ no more fuel

→ gravitational collapse

→ supernova explosion

Picture: https://en.wikipedia.org/wiki/Crab_Nebula

cf. Lectures by

Dr. Thomas Chillery



Picture: https://www.astroarts.co.jp/products/stlnav7/spec/plane_list-j.shtml
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Life cycle of a star
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An ultra-heavy, super-N-rich “nucleus”
→ Paradise for nuclear physicists! :D



Uniform nuclear matter:
n, p, e-, μ-

Inner crust Nuclei, electrons,

“dripped” neutrons

0.5-0.8 km ρdrip ≤ ρ ≤ 0.6ρ0

Neutron star is a great playground for nuclear physicists

Quark matter?

Hyperons? 

Meson condensates? Outer/inner core

9-12 km 0.6ρ0 < ρ ≤ 3-5ρ0

Outer crust Nuclei (Fe), electrons

0.3-0.6 km ρ < ρdrip

ρdrip~ 0.0014ρ0 ;  Above ρdrip unbound neutrons exist outside nuclei

ρ0=2.8x1014 g/cm3=0.16 fm-3 ;  Nuclear saturation density

Outer crust

Inner crust

Ocean
Hot plasma

~ 0.1 km

Ocean

Structure of a neutron star

K. Sekizawa Wed., Aug. 19, 2020Lecture 3:  Dynamics in “nuclear pasta” phases



Equation of state (EoS) of nuclear matter

K. Sekizawa

Density

PNM: Pure Neutron Matter (n-only)

SNM: Symmetric Nuclear Matter (N=Z)

➢ EoS characterizes the nuclear matter properties

Nuclear saturation density:Incompressibility:

Slope of the symmetry energy:

Saturation energy:

⇔ short-range attraction

⇔ short-range attraction & repulsive core

Symmetry energy:

⇔ np > nn, pp & Pauli blocking

⇔ short-range attraction & repulsive core
cf. Frontiers in Physics Vol. 21, Understanding the World of Supernova Explosion from Atomic Nuclei (原子核から読み解く超新星爆発の世界), K. Sumiyoshi (Kyoritsu printing Co., Ltd.)

✓ From low-energy nuclear experiments, one may extract information in the vicinity of the saturation density

E.g.) ISGMR: U. Grag and G. Colò, PPNP101(2018)55;  Electric dipole (E1) polarizability → skin thickness:  A. Tamii et al., EPJA50(2014)28

⇔ KA
⇔ Esym. & L

K
L
expansion
(same as LDM; cf. the PPNP):
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From EoS to neutron stars

K. Sekizawa

➢ An EoS defines a Mass-Radius relation of neutron stars

 Equation of state, E(n)

→ A relation between pressure and density:

Equilibrium condition:

Gravitational force (inward) + Pressure (outward) = 0

defines the NS radius

 Tolman-Oppenheimer-Volkoff (TOV) equation:

where
: Integrated mass within radius r

correction from General Relativity (GR)

Figure:  P.B. Demorest et al., Nature 467, 1081 (2010)

Mass-radius relation

R (km)
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There are a wide variety of phenomena in neutron-star physics

Let us focus on:  the inner crust and nuclear pasta
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Fig.4 in N. Chamel and P. Haensel, Living Rev. Relativity 11, 10 (2008)

A lattice of neutron-rich nuclei are immersed in a neutron superfluid

Pressure
ionization

Neutronization Neutron drip
Nuclear
pasta

(Outside) (Inside)

Structure of the inner crust
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K. Sekizawa

“Nuclear Pasta” may exist!

Inner crust
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What is Nuclear Pasta?

Gnocchi Lasagna
Spaghetti

M. E. Caplan and C. J. Horowitz, Rev. Mod. Phys. 89, 041002 (2017)



What is Nuclear Pasta?

Gnocchi Lasagna
Spaghetti

M. E. Caplan and C. J. Horowitz, Rev. Mod. Phys. 89, 041002 (2017)

We have developed

a time-dependent band theory based on TDDFT

for nuclear dynamics in crystalline pasta phases

→ relevant to solid-state physics

K.S., S. Kobayashi, and M. Matsuo, in preparation.



What is the “band structure” in solids?

K. Sekizawa

One atom Two atoms

✓ Energy levels must be the same for each atom when those atoms are completely separated

✓ As they come closer, energy levels are spread out (cf. bonding/anti-bonding molecular orbital)

✓ The energy splitting depend on the inter-atomic distance (an optimum value is realized)

An energy band:  a bunch of shifted energy levels of atomic orbitals

cf. Bonding & anti-bonding molecular orbitals

In phase

Out of phase

Wed., Aug. 19, 2020Lecture 3:  Dynamics in “nuclear pasta” phases



K. Sekizawa

One atom Two atoms Three atoms Many atoms...

✓ Energy levels must be the same for each atom when those atoms are completely separated

✓ As they come closer, energy levels are spread out (cf. bonding/anti-bonding molecular orbital)

✓ The energy splitting depend on the inter-atomic distance (an optimum value is realized)

An energy band:  a bunch of shifted energy levels of atomic orbitals

What is the “band structure” in solids?
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K. Sekizawa

An energy band:  a bunch of shifted energy levels of atomic orbitals

✓ Energy levels must be the same for each atom when those atoms are completely separated

✓ As they come closer, energy levels are spread out (cf. bonding/anti-bonding molecular orbital)

✓ The energy splitting depend on the inter-atomic distance (an optimum value is realized)

Inter-atomic distance

...
...

Energy “band”

“Band gap”
Conductor

Conduction band 

➢ Band structure characterizes solids

Valence band

Insulator

Valence band

Conduction band 

Filled

Empty

Energies of

electrons

What is the “band structure” in solids?
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Effect of periodic structure on dripped neutrons in the inner crust

K. Sekizawa

Potential for neutrons

dripped neutrons

Bound orbitals are well localized

→ Not affected by the lattice

Dripped neutrons extend spatially

→ Affected by the lattice, and a band structure is formed

➢ Part of dripped neutrons can be “effectively bound” (immobilized) by the 

periodic structure (cf. Bragg scattering), resulting in a larger effective mass

Wed., Aug. 19, 2020Lecture 3:  Dynamics in “nuclear pasta” phases



Band calculations for the inner crust

K. Sekizawa

K. Oyamatsu and Y. Yamada, NPA578(1994)184 The first consideration for 1D, square-well potential

The “entrainment effect” is still a debatable problem

B. Carter, N. Chamel, and P. Haensel, NPA748(2005)675 Band calculations for slab (1D) and rod (2D) phases

for the slab phase
Entrainment effects are weak for the slab & rod phases:

for the rod phase

 The first self-consistent band calculation for the slab phase (based on DFT with a BCPM EDF)

Yu Kashiwaba and T. Nakatsukasa, PRC100(2019)035804

“Reduction” of the effective mass was observed: for the slab phase

 Band calculations for cubic-lattice (3D) phases

N. Chamel, NPA747(2005)109 (2005); NPA773(2006)263; PRC85(2012)035801; J. Low Temp. Phys. 189, 328 (2017)

*Picture: Neutron Fermi surfaces for n=0.0003 fm-3 in a reduced zone scheme

Significant entrainment effects were found in a low-density region: or more!    for the cubic lattice

Group velocity:Effective mass tensor:
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It may affect interpretation of various phenomena, e.g.:

Neutron-star glitch

(the subject of Lecture 4)

Quasi-periodic oscillation



Seismology (地震学):  Studying inside of the Earth from earthquakes and their propagation

Picture taken from AusPass by Australian National University

http://auspass.edu.au/education.html
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Picture taken from AusPass by Australian National University

http://auspass.edu.au/education.html


QPOs as “asteroseismology”

K. Sekizawa

➢ Many (~30) observed QPO frequencies, 

and prediction by a Bayesian analysis, 

have been nicely explained by torsional 

oscillations of tube–bubble or sphere–

cylinder layer
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Our recent attempt:

Development of time-dependent band theory based on TDDFT 

for dynamics of the inner crust of neutron stars



Formulation:  Band theory for the slab phase

K. Sekizawa

✓ The Bloch boundary condition for single-particle orbitals

α: Band index k: Bloch wave vector q: Isospin (n or p) a: Period of the slabs

Periodicity of the slabs

✓ Skyrme EDF

Number density: Kinetic density: Current (momentum) density:

Picture from PRC100(2019)035804
*Uniform background electrons are assumed for the charge neutrality condition:

✓ Skyrme-Kohn-Sham equations

Ordinary single-particle Hamiltonian: Additional (k-dependent) term: Velocity operator:

Note: While we deal with 3D slabs, the equations to be solved are 1D!

We employ the Skyrme-Kohn-Sham DFT with the Bloch boundary condition

K.S., K. Kobayashi, and M. Matsuo, in preparation.
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Results:  Band structure

K. Sekizawa

Density and potential Neutron single-particle energies

✓ Bound orbitals do not show band structure (kz dependence)

Proton fraction: Average nucleon density: Single-particle energy:

z-component

K.S., K. Kobayashi, and M. Matsuo, in preparation.

Yp = 0.4:  Isolated slab (no neutron drip)
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Results:  Band structure

K. Sekizawa

Density and potential Neutron single-particle energies

✓ Dripped neutrons show band structure (kz dependence)

Proton fraction: Average nucleon density: Single-particle energy:

z-component

K.S., K. Kobayashi, and M. Matsuo, in preparation.

Yp = 0.1:  Neutron-dripped slab
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Real-time method for the collective mass

K. Sekizawa

K.S., K. Kobayashi, and M. Matsuo, in preparation.

✓ The collective mass is extracted from acceleration motion under constant force

Dripped neutrons

The real-time method:  Idea

✓ TDKS equation in a “velocity gauge”

cf. K. Yabana and G.F. Bertsch, Phys. Rev. B 54, 4484 (1996); G.F. Bertch et al., Phys. Rev. B 62, 7998 (2000)

Gauge transformation for the Bloch orbitals: Electric field:

Spatially-uniform

Vector potential

How to introduce spatially-uniform electric field

k-dependent term: Velocity operator:
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The collective mass:  Isolated slabs

K. Sekizawa

K.S., K. Kobayashi, and M. Matsuo, in preparation.

Acceleration: C.m. position of protons: Momentum of nucleons: Total momentum:

✓ For isolated slabs, the extracted collective mass is 

consistent with the bare nucleon mass

➢ Our real-time method works!
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K. Sekizawa

K.S., K. Kobayashi, and M. Matsuo, in preparation.

Acceleration: C.m. position of protons: Momentum of nucleons: Total momentum:

The collective mass:  Neutron-dripped slabs

✓ For neutron-dripped slabs, we find significant 

reduction of the collective mass!

➢ What are the origins of reduction?
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Possible “anti-entrainment” effects

K. Sekizawa

K.S., K. Kobayashi, and M. Matsuo, in preparation.

Proton current density

C.m. position of protons

Current density:

✓ Protons inside the slab move toward the direction of the external force, as expected.
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Possible “anti-entrainment” effects

K. Sekizawa

K.S., K. Kobayashi, and M. Matsuo, in preparation.

Proton current density

C.m. position of protons

Current density:

Neutron current density

✓ Dripped neutrons outside the slab move toward the opposite direction!

Since it reduces         and         ,                               is reduced
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Summary



Summary of Lecture #3

K. Sekizawa

Takeaway message

✓ Nuclear physics becomes so rich if you also consider the neutron-star physics, e.g.

the pasta phases in the inner crust, where nuclear physics meets the band theory of solids!

➢ Task for nuclear physicists is to provide inputs for astrophysical models based on microscopic theories
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